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Abstract

Some improved exponential product type estima-
tors of finite population mean'Y under simple random sam-
pling without replacement have been proposed in two-phase
sampling using known coefficient of variation and estimated
coefficient of variation of study variable (y). The efficiencies
of these estimators are compared with the conventional two-
phase product estimator, the two-phase exponential product
type estimator suggested by Singh and Vishwakarma [7]
both theoretically and empirically.

Introduction

The use of auxiliary information at the estimation stage
improves the efficiency of the estimators. In this context
ratio estimator [1, 2], regression estimator [3] and product
estimator [4, 5] are most commonly used in sampling litera-
ture. In the absence of the knowledge on the population
mean of auxiliary variable we go for two-phase sampling or
double sampling. In two-phase sampling a large preliminary
sample is taken from the population to observe the auxiliary
variable ‘x” only to estimate Xand X’. Next a sub-sample
from the large preliminary sample is considered to observe
the study variable ‘y’ as well as the auxiliary variable ‘x’ to
estimate X and v .

Bahl and Tuteja [6] developed a exponential product type
estimator to estimate finite population mean. Singh and
Vishwakarma [7] suggested a exponential product type esti-
mator in two-phase sampling when the information of the
population mean of auxiliary variable is lacking.

In this paper following Searls [8], Srivastava [9] and
Upadhyaya and Srivastava [10, 11] we developed three ex-
ponential product type estimators in two-phase sampling.
These estimators are compared theoretically and empirically
with the mean per unit estimator (y), conventional two-phase

product estimator (trp = %i) and two-phase exponential

product type estimator suggested by Singh and Vishwakar-
ma [7].

Consider a finite population U={1,2,3,.....,N}.Let y and x
be two real variable assuming the value of y;and x; on the i
unit i={1,2,3,.....,N}.Now consider y be the of study variable
and x be the auxiliary variable. Further we assume that y and
X are negatively correlated. Here we consider simple random
sampling scheme without replacement (SRSWOR) to draw
samples in both phases of two-phase sampling set up. The
first phase sample s’( s’ c U) of fixed size n' is drawn to
observe ‘X’ only. In the second phase sample ‘s’ of fixed
size ‘n’ is drawn to observe y and x for given s’'(n<n').

_ _1lean _ 1\ 1 .@n!
Let x =;Zi=1Xi, y zgzi=1yi and X :F i=1 Xi

Now the usual two-phase exponential product estimator
and two-phase exponential product type estimator suggested
by Singh and Vishwakarma [7] are given by

(1.1)
(1.2)

Now the mean square errors (MSES) of trp and tpgp; to
0(%) are given by
MSE(trp) = Y2(0, — 0,)( C2+ C2+ 2Cy,)
+0,Y2C2 (1.3)

_ 1
MSE (trgpy) = Y2[91 <C02 + Zczo + C11>

1
0 (Cout7C)] (1)
1 1 , (1 1
Where, 61 = (; — N) and 91 = (F — N)
Comparing the variance of mean per unit estimator (y), the
MSE of two-phase product estimator (tp) and MSE of
two-phase exponential product type estimator (tpgp;), we
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find tpgp, performs better than the estimators (¥) and trp
if

3¢, 1C,

“3g, <P <7,

where, p is the population correlation coefficient

Proposed Estimators

(1.5)

In two-phase (or double) sampling scheme, we proposed
following modified exponential product type estimators to

estimate population mean Y
y X—X
trerz = 77g ¢z P ()‘( + x')
where, C,(= %y), population coefficient of variation of vy
and further we assume that it is known in advance.

(2.1)

. y X—X
= ~- €X - —
TEP3 1+61C§ p T+ %
where, Cy(z S;y), sample coefficient of variation of vy.
A X—X'
tTEP4- = }_7(1 + 91 C}%) exp <)_( T X’)
1 N =
where, S7 = = zi:i(Yi -Y)?
1 n —
and S}Z, = — Zi=1(Yi — y)z

(2.2)

(2.3)

Bias and MSE of Different
Estimators

Assuming the validity of Taylor’s series expansion of
trer1: trer2: trERs @nd trgrs and considering the expected

value to O( nl ), the bias of the different estimators are
B(trgp1) = E(trgp) — Y

_ , 1 1
= Y(e1_ 91)(5(:11 _gczo)

B(trgpz) = E(trep,) — Y

(3.1)

_ o1 1
= 7[00 = 00 (50 —5Ca0) = 0:Cor| (32)
B(treps) = Etreps) — Y
_ Lo 1 1
=700 = 0) (50 —5C0) - 8:Cox| 33)
B(treps) = E(treps) — Y

= Y_ [( 91 - 9’1) (%Cll - 1CZO) + e1(:02] (34)

Iy (x,y) being the (r, s)™ bivariate moment
of xandy.
The mean square errors (MSEs) of different estimators to
0(%) are derived as
— , 1
MSE (trepa) = V2[{(0 = 0)) (5 Coo+ Cur)

30, .3
+0,Cop )+ (02— ) — (02 - 5 01) )

1 1 2 ”
(ZC21 _§C30 + Cy2) +{(07 — 67)

7 5
(5530 — 2CCao)
.2 1 1 )
+ 63 (Z C20Co2 +EC11)}] (3.5)

1

1 1 ' 1
where, 92 = (ﬁ_ ﬁ) , 92 = (F_ m)

MSE (trgpz) = MSE (trgpy) —Y?[0,(6; — 67)
(3C41Coz + 3 CoxCan) + 03CE] (36)

MSE ( trgps) = MSE (trgps) — Y?[ 61(6; — 61)
(C11Co2 +%C02C20 + Cy2)

+07 (2Cp3 —3C§,)1 37
MSE ( trgps) = MSE (trgp;) — Y2[ 6F (C§,
—2Cp3) — 0,(6, — 61)

1
(C11Cpp + ZC02C20+C12)] (3.8)

Comparison of Biases and Mean
Square Errors

The biases of tygp1, trep2, treps and tpgps are of order
1 .. . .
0(;) and hence, are negligible when sample size is large.
The mean square errors of trgpq, trepz, treps and trgps tO
0(%) are same. Thus for the purpose of comparison, the

. . 1
mean square error of estimators are considered to 0(5).

The comparison of efficiencies of estimators are
made (a) under general conditions and (b) under bivariate
symmetrical distribution.

i trepy IS more efficient than tygp, if

8
1 '
trs (X, ¥) Case (a) Ciq > TR [(6, — 61)Cyo+
where, C.s = —=—=—
Xrys
+40,Cp] (4.1)
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(p) and the Coefficient of Variations of x and y (C, and Cy).

e.p>—————[(0, — 0))Z2 . . . .
Lep 127Z(6, — 0,) [C6, 1) Table 3 gives the choice of sample size. Table 4 gives the
+40,] (4.2) exact MSE of different estimators i.e. mean per unit estima-
tor (¥), the conventional product estimator tp, ttgpi, ttep2,
trgps and trgps.
Case (b) same as above condition
1
where, Z = (%)2
0z Table 1. Description of Populations
ii. treps IS More eff|C|ent than trgp, if Popl. [ N X v Ref.
1 Number of Average Atmos- [13]
. 25 Startups pheric Temperature | p.352
+(6, — 91)(1C20C02 +4Cp)] (43) 2. Hundreds of Percentage of [15]
—t — 9,72 - i
Case (b) p > 2(0,-0) [(6; — 6,)Z*-36;) » Fru_:_trse(e)n a Fruits Wormy p.252
(44) 3 Loads of Cost of Garbage [16]
. _ . 70 Garbage Disposal p.112
iii.  trgp, is more efficient than trgp, if 4 Marks for Car Marks for Car [14]
Case (a) Cpqy < —————[46;(C2, — 2Cy3) 24 Safety Price p.335
4Coz(01-01) 5 Average Amount of St [13]
—(081 — 81)(C20Coz +4Cy2] (4.5) Atmospheric Umoém OM ei;]n p.352
25 Temperature sed per vion
Case (b) p < 75 —5; [Z2(8, — 87) — 40,](4.6) 6 Number of Farms | [12]
-0 )Z v ! 12 Year (in millions) | p-476
iv.  trgps is more efficient than trgp, if Table 2. Population Parameters
Case (a) C ——[(0 )C
( ) 11 2C (91 9 ) [( 1= 1) 12 P0p|. 5 C C Ref
—260,(2C3, — Coa)] (47 No. ’
Case 1 [13]
b)p < ——201 4.8 -0.24 | 0.197 | 0.328 | p.352
by z(81-0)) (4.8) 2. [15]
-0.54 0.429 | 0.356 | p.252
V. treps IS MOre efficient than trgp, if 3 [16]
-0.55 0.204 | 0.151 | p.112
Case (a) C11 m [461 C03 2 [14]
+(Ze1 — 01)(C20Coz +2C15)] (49) : 07 ] 0335 | 0361 Fﬁf
Case (b)p < —7 (4.10) .0.85 | 0.328 | 0.173 | p.352
6 [12]
Vi.  trgps is more efficient than tpgps if -0.9 | 0.009 | 0.385 | p.476
-1
Case () €1 < 4Co2( 01— [491 (Co3—=C52) Table 3. Choice of Sample Size
+( e1 - 61)(C20C02 —4Cyp)] (411)
Case (b) p < ) [(0, — ’1)22 PNO(rJ)l. N n n Ref.
+40,] (4.12) 1 25 14 7 | [13]p.352
2. 12 8 4 [15] p.252
.. 3 70 34 17 | [16] p.112
Empirical Study 4 | 24 [ 14 [ 7 |[4]p3%
5 25 14 7 [13] p.352
To study the efficiency of different estimators we consid- 6 12 8 4 [12] p-476
er six natural populations collected from different textbooks.
Table 1 gives the description of the populations and the size
of the population (N). Table 2 gives Correlation Coefficient
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Table 4. MSE of Estimators

P’ﬁ'pl- ty=y trp trep1 trep2 treps treps

0.
1 30.66 31.25 28.37 28.13 29.59 27.78
2 21.63 22.45 15.69 15.77 16.73 15.43
3 0.619 0.743 0.4901 | 0.4902 | 0.487 | 0.495
4 0.139 0.093 0.092 0.093 0.091 | 0.097
5 0.273 0.342 0.137 0.139 0.14 0.136
6 0.226 0.201 0.204 0.199 0.188 0.229

Conclusion

a. For all populations, the estimators, ttgp1, ttep2,
treps and trgp, are more efficient than the mean
per unit estimator t, and trp .

b. For population 3, 4 and 6 the estimator trgps iS
most efficient.

c. For populations 1, 2 and 5, the estimator trgp, iS
most efficient.

As the estimator trgps and trgps perform better than other
estimators in most of populations considered here, so anyone
of them may be used as an alternative estimator of tygp;.
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