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Abstract

In this paper, introduce the concept of (E,q) (E,q) product operators and establishes two new theorems on (E,q)(E,q) product
Summability of Fourier series and its conjugate series. The results obtained in the paper further extend several known result on linear

operators.
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1. INTRODUCTION

In this field of Summability of Fourier series & its allied
series, the product Summability (E,q)(X),(X)(E,q) or |E,q|
have be studied by a number of researchers like, Jadia[2],
khare[3], Mittal and kumar [5], Pandey[6], singh[7], singh and
singh[8] have studied (N,P,), (N,P,q), almost (N,P,q) and
matrix series using different condition, matrix method
includes (N,P,) and (N,p,q) method of Summability as special
cases. Thereafter, Chandra & Dixit [9] studied |B| and |E,q|
and Summability of fourier series and its allied series. But
nothing seems to have been so far to study (E,q)(E,q) product
Summability of fourier series and its conjugate series.
Therefore, in this paper, two theorems on (E,q)(E.q)
Summability of fourier series and its conjugate series under a
general condition have been proved.

2. DEFINATION AND NOTATION

Let f(x) be a 2n- periodic function and Lebesgue integrable
over (-,m). The Fourier series of f(x) is given by

f(x)~ 370 + Y2 (a,cosnx + b, sinnx) = Y7, AL (X)
(2.1)
The conjugate series of Fourier series

Ye_1(by cosnx — apsinnx) = Yo_; B, (X)
(2.2)

is given b
We shall use the following notations:

D(t) = f(x+t)+f(x-1)-2S

W(t) = f(x+) - f(x-)}
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And T = H where 1 denotes the greatest integer not greater
1
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Let Y- u, be a given infinite series with sequence of its n"

partial sum of {S,}. The (E,q) transform is defined as the n"
partial sum of (E,q) Summability and is given by

1
1+qk

Eg=(Eq) = Z\lf:o(‘lf)qk_" Syasn - o

(23)

Then the infinite series Yn_,u, is summable to the definite
number s by (E,q)(E,q) Summability method.

If,

1 —
t, EDED = EIpd = Do Yhoo(Da" ® Ef > sasn—
(2.4

3. MAIN THEOREMS

We prove the following theorems,

3.1 Theorem. Let {p,} be a positive, monotonic, non-
increasing sequence of real constants such that
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n
=va—>ooasn—>oo
v=0

o) = [ lo(w|du =
0 [ﬁ] ,ast— +0 (3.1)

if,

Where, o(t) is positive, monotonic and non-increasing
function of tand a(n) asn — o

Then the Fourier series (2.1) is summable (E,q)(E,q) to f(x).

3.2 Theorem. Let {p,} be a positive, monotonic, non-
increasing sequence of real constants such that

n
= by nasn
v=0

y(® = [ly(w)ldu =
0 [ﬁ] ,ast— +0 3.2)

where o(t) is a positive, monotonic and non-increasing
function of t, then the conjugate Fourier series (2.2) is
summable to (E,q)(E,q) to

fx) = 2 [ () cot () dt
at any point where this point exists.

4. LEMMAS

Lemma 1. [k, (©)| =0(n), for0<t< %; sinnt <
nsint;|cosnt< 1|

Proof:
k(D] <
sin(v+: )t
217:(1+q)“ Zk 0[(1+q)k (k)qn kZV O(k)qk Vs(l—ng)]

n k

1 1 ny ky . @v+ 1)sin%
= 2m. (1 + q)n ;[(1 + q)k (k) q Z (V) d -—E]

=0 sin
n

1 1 ny
=7 (1+qn 1;[(1 + QK (k) q 2k

YRS
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Lemma 2 |k, ()| = 0( ) for <tsm sm(t/z) >
t/2 and sinnt <1

ks (O]

n

nki() _Sll’l Vﬁ't;)t]

1
e T CETE z[u n q)k

v=0 Sin 5 2
k
=7 (1+q)n z[(lﬂv" " k;< ) t/2
n k
Tt (11+ Q" kZ; (E) o VZ; (l‘j) qk_vl
1
Tat(1+

-o()

Lemma 3. k=0 (tin),for 0<t< i: sin(Y/,) =

t/2; |cosnt] <1

|kn (D]
1 = L K cos +%)
S mad+qr Z[(1+q)k ;( ) cin’ 7t |
1 . . K cos v+1)t
= 2n.(1+q)nz (1+q)k kvzzo( ) s]nt/zz
n ) k
1 1 oK
=nt.(1+q)nkzzo (1+q)k(2)q“ k;@qk
— 1 Y n n-k
Tt (14 q)n ;(k)q
104



IlJATER

International Journal of Advanced Technology & Engineering Research (IJATER)
International Conference on “Recent Advancement in Science & Technology” (ICRAST 2017)

_ 1
a1+ )

-0(g)

Lemmas 4. |k,(®)| =0 (&) , for% <t<msin(t/y) =Y,

=1
< 1 Z (l’l) qn—k
“at (14 gn o] k

_ 1
nt.(1+q)

o)

And
Proof:-
lkn(D)] < Ik k
n
n L (Mgrk gk kkv“’s(”)t 1 1 ny o Ky o
2n.(1+q)" 2"kz"[(1+q)k (k)q ( )q sint ] < A+ Qn kz: A+ qF (k) q"“Re 0 (v) gkVvel"t
=1 v=

[ k
=T (11+ o kzo a e (e kRe{;( Javel )H
) _
" kRe{Z ~vivt
1 | 1 n -k Y -V lvt -
SHa+qn Z (1+q)k Re Z

1 1
= nt. (1 + ) Z (1 +q)k

< Z n)qn—k
_nt.(1+q)“k (1 +qg)k\k 0<m<k
=1

Sn(f;x) — f(x) =

Sk
k—v ivt
2,()ae

v=0

1 o 1 omy
at. (1 +q)" a+ q)TkZ; (1+ qF (k) Q™"

1 = n _
Tt (1 +q)n;(k)qn )

1
nt. (1 + )"

-o()

5. PROOF OF MAIN THEOREMS

5.1 Proof of theorem

Following Titchmash [8] and using Riemann-Lebesgue
theorem, S,(f; x) of the series (2.1) is given by

1

sin{n +
J(Z)(t)i( tZ) dt

sinz

Therefore using (2.1), the (E,q), transform E} of S,(fx) is

k=0 v=0 ]
-1 k ]
< 1 1 k n kRe z -V 1vt
- n
nt.(1+q) =1 1+q T _
+
1 \ 1 (l’l) qn—kRe i (k> qk—veivt
nt. (1 + )" 1+ @k \k v
k=t v=0
Now,
k|
-1 k
n kRe Z ( ) k-v 1vt
n k
nt(1+q) L (1+q) L
-1 Kk given by
k
Z n kZ( > 1vt|
nt (1 + )" 1+ q)k 4\v
v=
1
k
n -k
nt(1+q)nZ(1+qk) VZO()

E¢ — f(x)

i k . 1
=i ar, °O Z(E)qk‘vw i

sin
2

Now denoting (E,q)(E,q) transform of S,(f;x) by EZE;! we

write
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EqE! — f(x)
k

- 2n(11+ Q" Z

k=0

v=0

= [T 8(Oka (Dt
(5.1)

Where,

ky (D)

- 2n(1l+ Q" Z

k=0

‘=0 sin

We have to show that, under the hypothesis of theorem
f Bk, (t)dt = o(1),asn -
0

For 0 < 6 < m, We have

n 1/n 3 n
J;@(t)kn(t)dt= UO o) +f1/n®(t) +f§ (D(t)l k, (dt

(5.2)

We consider,
1

| sf 161 Ikn(®]dt
0

=0(n) [fol/“l(b(t)ldt] by lemma 1

= 0(n) [o {%}] by (3.1)

=0 {a(ln)}

(5.3)

=o(1),asn - o

Now,

S
L] < fl/ 1001k (O]dt

=0[f, 101 (2)dt] by

o]+ [ oo
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1 . . k _vsin(k+1)t
({3 (a2

]

sin=

0(3) [0 {é};ﬂ + ff/n 0 (@) dtl by (3.1)

Putting % = u in second term,

o) ol [} ol

= 0{%} + 0{%@)} fl/al.du

Using second mean value theorem for the integral in the
second term as a(n) is monotonic

=o0(1) +o(1) as,n » «©

=o0(1),asn » o
(5.4)

By Rieman-Lebesgue theorem and by regularity condition of
the method of Summabilty,

ILy| sf 1Bk (©)]dt
d

=o0(1),asn > o
(5.5)

Combining (5.3), (5.4) and (5.5) we have
EjE! — f(x) = 0(1),asn > o
This completes the proof of theorem 1.

5.2 Proof of Theorem. Let §},(f; x) denotes the partial sum of
series (2.2).

Then following Lal[4] and using Riemann-Lebesgue Theorem
S, (f; x) of series (2.2) is given by
1
(n+3)
t

- 1 n Cos t
5260 ~ 100 =5 | 00—t
0 Sin 3

Therefore using (2.2), the (E,q) transform Ef(‘ of $,(f; x) is
given by
El - f(»)
k 1
1 n k cos(k+5)t
e v )qk-V—( 2,
2n(1 + @)k J, —\v t

sin=
2

Now denoting (E, q)(E, q) transform of §;,(f;x) by EJE;! we
write
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EJE] — (%)

- 2n(11+ Q" Z

k=0

Putting % =u, in second term,
1 n
! () g f "y i (t) qk—vm dt‘ =0(3) [0 ol 10 ow) d“]
0

fo ( ) Il( ) {a(n)} {na(n)} fl/a u
—_ \V

(5.6) Using second -mean value theorem for the integral in the
second term as o(n) is monotonic

=0 sin

In order to prove the Theorem, we have to show that, under
the hypothesis of theorem =0(1) +0(1),asn—

Jy w®ky(Ddt=0(1) as =0(1),asn— w

ne oo (5.9)
By Riemann — Lebesgue theorem and by regularity condition

For 0< 6 < =, we have I~
o We hav of the method of Summability

n 1/, 5 T
fo WO”K; (O dt = fo v+ | RCE fs v®| K Odt 1< POl E O]
=] +J,+]; (Say) =0(l),as n—> o
(5.7) (5.10)
We consider, Combining (5.8) , (5.9) and (5.10) we have,

b <1 7™ (] |00 dt

1
=0[f," Liy(ldt] by lemma3

1

/n 1
| twol dtl
=0 (J)[o ()] By 31

=)

=0(1), asn— o

1
=0()

(5.8)

Now, 2] <
IO NI

=0[fi, Zlv(®ldt| by
lemma 4

=0 %[y, t1wlat]
=0()[vol;, + i, zvoa
3
oGl ()

(3.3)
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EJE, -T(x) =0(1),asn—> »

This completes the proof of theorem 2.

CONCLUSION

In the field of Summability theory, various results pertaining
(E,q) and (E,q), (E,q)X and X(E,q) Summability of Fourier
series as well as its allied series have been reviewed.

In future, the present work can be extended to establish new
results under certain conditions.
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