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Abstract 

In this paper, introduce the concept of (E,q) (E,q) product operators and establishes two new theorems on (E,q)(E,q) product 

Summability of Fourier series and its conjugate series. The results obtained in the paper further extend several known result on linear 

operators. 
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1. INTRODUCTION  

In this field of Summability of Fourier series & its allied 

series, the product Summability (E,q)(X),(X)(E,q) or |E,q| 

have be studied by a number of researchers  like, Jadia[2], 

khare[3], Mittal and kumar [5], Pandey[6], singh[7], singh and 

singh[8] have studied (N,Pn), (N,P,q), almost (N,P,q) and 

matrix series using different condition, matrix method 

includes (N,Pn) and (N,p,q) method of Summability as special 

cases. Thereafter, Chandra & Dixit [9] studied |B| and |E,q| 

and Summability of fourier series and its allied series. But 

nothing seems to have been so far to study (E,q)(E,q) product 

Summability of fourier series and its conjugate series. 

Therefore, in this paper, two theorems on (E,q)(E,q)  

Summability of fourier series and its conjugate series under a 

general condition have been proved. 

2. DEFINATION AND NOTATION 

Let f(x) be a 2π- periodic function and Lebesgue integrable 

over (-π,π). The Fourier series of f(x) is given by 
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The conjugate series of Fourier series is given b  
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We shall use the following notations: 

Φ(t) = f(x+t)+f(x-t)-2S 
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Let ∑   
 
    be a given infinite series with sequence of its n

th
 

partial sum of {Sn}. The (E,q) transform is defined as the n
th

 

partial sum of (E,q) Summability and is given by 
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Then the infinite series ∑   
 
    is summable to the definite 

number s by (E,q)(E,q) Summability method. 
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3. MAIN THEOREMS 

We prove the following theorems, 

3.1 Theorem. Let {pn} be a positive, monotonic, non-

increasing sequence of real constants such that 
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Where,  (t) is positive, monotonic and non-increasing 

function of t and  ( )                                                

Then the Fourier series (2.1) is summable (E,q)(E,q) to f(x). 

3.2 Theorem. Let {  } be a positive, monotonic, non-

increasing sequence of real constants such that 
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where  (t) is a positive, monotonic and non-increasing 

function of t, then the conjugate Fourier series (2.2) is 

summable to (E,q)(E,q) to  
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at any point where this point exists.  

4. LEMMAS 
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5. PROOF OF MAIN THEOREMS 

5.1 Proof of theorem 

Following Titchmash [8] and using Riemann-Lebesgue 

theorem, Sn(f; x) of the series (2.1) is given by  
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Using second mean value theorem for the integral in the 

second term as  (n) is monotonic 
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Combining (5.3), (5.4) and (5.5) we have 
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This completes the proof of theorem 1. 

5.2 Proof of Theorem. Let   ̃(   ) denotes the partial sum of 

series (2.2). 

Then following Lal[4] and using Riemann-Lebesgue Theorem 
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In order to prove the Theorem, we have to show that, under 
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Using second -mean value theorem for the integral in the 

second term as  ( )      monotonic 

= o(1) + o(1) , as n   
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By Riemann – Lebesgue theorem and by regularity condition 

of the method of Summability 
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Combining (5.8) , (5.9) and (5.10)  we  have,  

  n
 
 

 

q
  - f̃(x) = o(1) , as n   

This completes the proof of theorem 2. 

CONCLUSION 

In the field of Summability theory, various results pertaining 

(E,q) and (E,q), (E,q)X and X(E,q) Summability of Fourier 

series as well as its allied series have been reviewed. 

In future, the present work can be extended to establish new 

results under certain conditions. 

 REFERENCES 

[1] Hare Krishna Nigam, on study on (C,2)(E,q) product 

Summability of fourier series, Mody Institute of 

Technology and science (Deemed University), vol.82. 

[2] Kalpna Saxena and Ankita, on the study of the product 

Summability (y,r)(C,1) to derived fourier series, 

vol.26(2)A, 2014. 

[3] Hare Krishna Nigam, kusum Sharma, on (E,1) (C,1) 

Summability of Fourier series and its conjugate series, 

Deemed university, Rajsthan,vol.82 No. 3, 2013. 

[4] Binod Prasad dhakal, on the Approximation of a function 

„f‟ of Lip ( (t),P) class by (C,1)(N,Pn) Method of its 

fourier series, Tribhuvan University,Nepal, vol.9, No. 1, 

2013.  

[5] H.K. Nigam and Kusum Sharma, on double Summability 

of double conjugate fourier series, Deemed University, 

Rajsthan,vol. 2012. 



 
International Journal of Advanced Technology & Engineering Research (IJATER) 

International Conference on “Recent Advancement in Science & Technology” (ICRAST 2017) 

© IJATER (ICRAST- 2017)                                                                                                                        108 

[6] H.K. Nigam, on (C,2)(E,1) product means of fourier 

series and its conjugate series, vol1(2), 2013. 

[7] B.P. Padhy, S.K. Buri, V.K. mishra and M. Mishra, on 

(N,Pn,qn)(E,z) product Summability of fourier series, 

Berhampur University,Odisha, 2012. 

[8] Ashok saxena, on uniform harmonic Summability of 

fourier series and its conjugate series, Allahabad, 

University, 2015. 

[9] L.M. Tripathi and A.P. Singh, Banaras Hindu University, 

Varansi, vol. A84, 1981. 

[10] Tiwari, Sandeep kumar and Bariwal chandrashekhar, 

degree of approximation of function belonging to 

Lipschitz class by (E,q)(C,1) mean of its fourier series the 

IJMA 1(1 ), 2-4 , (2010). 

[11] Nigam, H.K. and Sharma, Ajay on (N,p,q)(E,1) 

Summability of fourier series, IJMMS, vol.2009,(20099).  

[12] Chandra,P. on the |E,q| Summability of a series and its 

conjugate series, Riv Mat university Parma(4), 3,65-

78(1977). 

[13] Zygmund, A. “Trigonometrical series”, vol. I and II, 

waesaw (1935). 

 

BIOGRAPHY 

 

 

 

 

 

 

 

 

Dr. Kalpana Saxena received Ph.D. in Mathematics from University of APS 

Rewa 1999. Dr. Kalpana Saxena is presently posted as a professor at GOVT. 

M.V.M. College Bhopal. Her main interests are Product Summability of 

Fourier series and sequence.                          

   
Sheela Verma perusing Ph.D. in Mathematics from Barkatullah 

University under the guidance of Dr. Kalpana Saxena. I completed 

Msc. In mathematics From Sarojini naidu GOVT. Girl‟s P.G. 

College Shivaji Nagar Bhopal. 


