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Abstract

In the present paper some fixed point and common fixed point
results are established for integral type mappings for L-spaces.
The result satisfies various known results.
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Introduction

It was shown by S. Kashara [7] in 1975 that several known
generalization of the Banach contraction theorem can be
derived easily from a fixed point theorem in an L-space. Iseki
[5] has used the fundamental idea of Kashara to investigate the
generalization of some known fixed point theorem in L-space.
Many other mathematicians Yeh [16], Singh [13], Pachpatte
[9], Pathak and Dubey [10], Patel, Sahu and Sao [11], Patel
and Patel [12], Som [15], Sao [16] worked for L- spaces. In
the present chapter a similar investigation for the study of
fixed point and common fixed point theorems in L-spaces are
worked out. We find some fixed point and common fixed
point theorems in L-spaces for integral type mappings
motivated by [1].

3. This paper is divided into two sections.

Section I: Some fixed point theorems in L-spaces for Integral
type Mappings

Section Il: Some common fixed point theorems in L-spaces
for Integral type Mappings

In both sections we will find some new results in L-spaces 4.

Preliminaries

Definition (4.A): L -Space: Let N be a set of all non
negative integers and X is a non-empty set.A pair

(X,—>)of aset X and a subset —> of the set X" x X, is

called an L -space if

(i) If x, =x,wherexe X, forallne N,then({xn}nEN ,x)ea
(ii) ({X"}HEN ,x)e»,then {{X"-}.EN ,x}e», for every{xm }iEN of {XH}HEN inwhat follows,
weshall write{x,}  — x,or x, —xinstead of ({xn}neN ,x)e—>and read {x,} . converges

tox.
Definition (4.B): An L -Space (X,—>) is said to be

separated if each sequence in X converge to at most one point
of X.

Definition (4.C): A mapping T of an L -Space (X,—)into
an L -Space (X,—)is said to be continuous if

X, =X = Tx, >Tx, For somesubsequence{x, | {x,}

ic neN

Definition (4.D):Let d be non-negative extended real valued
function on X x X, 0<d(X,y) <o, for all X,y € X,an

L -Space (X ) —)) is said to be L -complete if each sequence,
{x,}, € N,in X with Zd(xi, Y;,,) <00 converge to at

most one point of X .

Lemma (4.E): (K.S.): Let (X,—>) be an L -Space which is
d -complete for a non-negative real valued function d on
X x X, if (X,>)is
d(x,y)=d(y,x)=0,implies x=y for every X, Yyin
X.

separated, then

Theorem (4.F) (Branciari)[2] Let (X, d ) be a complete
metric space, ¢ € 0,1 and let f X — X be a mapping such
that for each x, y € X,

[EP et <c [{Pewydr - (aF)

Where &: [0, +0) — [0, +0) is a Lesbesgue integrable
mapping which is sum able on each compact subset of [0, +)
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, non negative, and such that for each € > o, foef(t)dt , then f

has a unique fixed point a € X such that for each x € X,
limn—oo f'x = a. After the
paper of Branciari, a lot of a research works have been carried
out on generalizing contractive conditions of integral type for
different contractive mappings satisfying various known
properties. A fine work has been done by Rhoades [13]
extending the result of Brianciari by replacing the condition
(4.F) by the following

d(fx fy )
f £(t)dt
0

fmaxd{d(x,y),d(x,fx),d(y,fy),W}
0

E(t)dt

<

In [3] the author proved the following

Theorem B([3]) Let (X, d) be a complete metric space and f :
X — X such that

d(fx fy ) {dCe.f0)+d(.fy)}
J u(t)dt < af u(t)dt
0 0

a(xy)
+B f u(t)dt
0

max{d(x,fy)+d(y.fx),}
sy u(t)
0

For each x, y € X with non negative reals @, 8, y such that 2«
+ B +2y <1, where

u: [0, + w0) —[0, +0) is a Lebesgue integrable mapping which
is sum able, non-negative and such that for each € > 0,
Jy u(®dt > 0,

Then f has a unique fixed point in X.

There is a gap in the proof of the theorem B. In fact, the
authors [3] used the inequality

FPu@dt < [fu®dt+ [ u(t)dt for 0 <a<b,
This is not true in general. This was modified bu [4]

Also we are using effect fozaf(x)dx = 2 [, f(x)dx which s
only true when f (2a — x) = f(x), there is again a gap, to
complete our fkf(x) d()dt =

k fof (€3]

proof that

¢ (t)dt which is not true in general.

We will find some fixed point theorems in L -spaces for
integral type mappings in the section 1.
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SECTION I: SOME FIXED POINT
THEOREMS IN L-SPACES FOR
INTEGRAL TYPE MAPPINGS

THEOREM (4.1.1): Let (X,—) be a separated L -Space
which is d -complete for a non-negative real valued function
don X x X with d(x,X)=0 forall X in X .Let E bea

continuous shelf map of X , satisfying the conditions:

(4.1.1a)

-[[d (Ex.Ey)P?

sodaf " eode [T e

J-d (x.Ey)d(y,Ex) (x.Ex)d(y,Ey).d(x,Ex)d(y.Ex),d(y,Ey)d(y.Ex)d(x,Ey)d(y. Ex

+, ' 2(t)dt+n j

VX yeX,a,y,6,n=0,witha + 8 +7r<1Then E hasauniquefixed point.
Where &:[0,00] —[0,0] is a legesgue integrable mapping
which is summable on each compact subset of [0,],

non negative, and such that, Vg>0j:§(t)dt>0.

PROOF: Let X,be an arbitrary point in X ; define sequence
{x,} recurrently,

EXy =X, EX, =X,,1 Where,
n=0,123.......
Now by (4.1.1 a),we have
J»[d(x1 X)T? E(t)dt = I[ (Exo Ex) T £yt
<a [T et
+7/J'd(XivExl)d(Xl'EX0)+5d(XO'Exl)d(Xl'EXO)é:(t)dt

§(t)dt

max {d(x,Exo ),d(x,,Ex, ), d(Xg,EXg ),d (¥1,Exg ),d (x4, Ex; )d (x4, Exg)
+n[
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< ajd(XO% d (X, %, )+Bd (X% )d (X1,% ) (X1:%2)d (X1, % )+6d (Xg X5 )d (X1, X1 )

0

E(t)dt+ j

max d(%0.%).d (%, %p).d (X0 % ),d (%4, % ). d (%, %p).d (X1, %1 ),d (0,2 ). d (x4, Xl
+n];

&(t)dt

d (Xg,%)d (X, %)

[ st < [+ HOLE

d (Xo.%)

[ et < farnl[ " @t
Similarly

d (% %)

codt< k[ emts kk[ T syt

J‘[d(xzvxg)]
0

J-d(x xnﬁ)g(t) % J’ 406, 1)5('[)dt, wherek =[a +77]

for every natural number we can say that

Zd(xn’ Xn+1) <o

By d -completeness of the space, the sequence

{E"%,},n e N converges to some U in X .By continuity of

E ,the sub sequence {E" X, }, also converges to U.

1 Ny —
limE"x,=E,

I—00

limE"x,=u

|—00

E(limE™x,)=Eu

limE™x, =Eu

|—0
= E, =U,souisafixed point of E.

Uniqueness: In order to prove that U is the unique fixed
point of E, if possible let V be any other fixed point of
E(v=#u).Then

d(u,v)=d(Eu, Ev)

d(u,Eu)d (v,Ev) Jd (v.Eu)

j[“‘“ nyat<a " et pf e [ e o[ e

'rmx {d(u,Eu).d(v,Ev).d(u,Eu).d(v.Eu),d(v,Ev)d(v,Eu)d(u Ev)d(v,Eu);
0

e(tyt

E(t)dt
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j:”“’v’]z E()dt <[5 +77] j(fd ©T £t

This is a contradiction because 0 +77 <1.So E has a unique

fixed pointin X .

Now we will prove another fixed point theorem which is
stronger then theorem (4.1.1)

THEOREM (4.1.2):Let (X,—>) be a separated L -Space
which isd -complete for a non-negative real valued function
d on X x X with d(X,X)=0forall X in X.Let E bea

continuous shelf map of X ,satisfying the conditions:

(4.1.2 a)

[d(x,Ex)d(y, Ey)+d(x,Ex)d(y,Ex)+d(y,Ey)d(y,Ex)+d(x,Ey)d(y,Ex)]%

j "e(tydt < j E(t)dt

VX, y e Xand 0<«a <1, thenE has aunique fixed point.
Where &:[0,00] —[0,o0] is a legesgue integrable mapping
which is summable on each compact subset of [0,«],

non negative, and such that, v5>0j:§(t)dt>0.

PROOF: Let X,be an arbitrary point in X ,define sequence
{x, }recurrently,

EXy =X, Ex, =X Where,

n+l?

Now by (4.1.2 a) we have

[ 00 eyt j 2B eyt

[d (0. Exo ) (g Exg )+ d (%0, Exo ) (g, Exo b d (xg, Exy Jd (g, Exo J+dl (%o, Exy )d (¥4, Exo )
Sajo

g(t)dt

d (Xg,% )d (%, % 1+ d (X% )d (%, % J+d (%, % )d (%, % +d (%0, % )d (3, % ) |2
J;[(xo)( Jrd (x0.x0)d (.3 pd (3,5 )d (4,3 Jd (6, é’(t)dt

d(x, Xz

[z o e

[“emdtsar [ e

Similarly,
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Id(XZXS)f(t)dt< J %%) §(t)dt— a J‘[ f(t)dt SECTION II: SOME COMMON
FIXED POINT THEOREMS IN L-

SPACES FOR INTEGRAL TYPE

MAPPINGS
0n) eyt < K Loy,
.[o g I THEOREM (4.2.1): Let (X,=) be a separated L-Space
wherek = ? which is d -complete for a non-negative real valued function d
XxX) o d(X,X)=0 X ;
For every natural number we can say that on Juith 406X =00 a1 Xin X . Let E ang
Zd(x X ;) <o T e two continuous shelf mappings of X, satisfying the
n' o conditions:
By d -completeness of the space, the sequence {E"X,}, (4.2.1a) ET =TE,E(X) <T(X)
n e N converges to some U in X . By continuity of E, the
(42.11) I[d(E LEy)I ()it < J- X, Ex)d (Ty, Ey)+/d (Tx,Ex)d(Ty,Ex) f(t)dt J-d(Ty Ey)d(Ty,Ex)+ 5d('rx£y,d('ry£x)§(t)dt

sub sequence {E" x, }also convergesto U .

max (Tx Ex)d(Ty,Ey),d(Tx,Ex)d(Ty,Ex),d(Ty,Ey)d(Ty,Ex),d(Tx,Ey)d(Ty, Ex

limE™ix, =E +7], E(t)dt
i—oo u
limE"x,=u
i—oo -

vXx,ye X,a, fB,7,0,n=0,witha+ 6 +n=<1.
E (llm E"x,)=Eu
lim En.ﬂx —Eu Then E and T have a unique common fixed point. Where

e ¢[00 >[0.] s 5 Jegesgue integrable mapping which

is summable on each compact subset of [O’OO], non

= E, =u, souis a fixed point of E. ¢
Ve s ojo E(t)dt =0

] ) ] ] ] negative, and such that,
Uniqueness: In order to prove that u is the unique fixed point

of E, if possible let V be any other fixed point of E, X ) oy
PROOF: Let “° be an arbitrary point in * since

(v=#u). Then
d(u,v)=d(Eu, Ev) E() = T(x), we can choose &S X such that

EX, =TX, EX =TX oo Ex, =TX, .,

d (Eu,Ev) (u,Eu)d(v, Ev)+d(u,Eu)d(v,Ev)+d(v‘Ev)d(v,Eu)+d(u,Ev)d(v,Eu)F

[ ewdt<a j E(t)dt
For n= 1, 2, 3 ...............

d(uy) 5 pd(uy) {d (T, 7.1 Nt = [ S Nt
[ et <a? [ ot [ Et)dt = &(t)

This is a contradiction because o <1.S0 E has a unique
(T, Exq )d (T Exgg )+8d (T X, )d (T, B, )

fixed point in X . Safo E(t)dt
d(TX1, B ) (TXag . EXg )+ (T, EXpg )d (TX0.1 . EX,
+7 |, Vet

+7 J-max{ d (T B, )d (T, B )0 (T X ) (TX41,EX ), (T, B ) (T B ), (T B 1) (T B )}

Now we are finding some common fixed point

theorems for two, three and four mappings in section I1. E(t)dt
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(T T ) (TR0 T2 )+ A0 (TX0 T )d (TX TX0 )
= a.f

E()dt

(M2, T2 )d (T (T2 T¥0e)
+ |, E(t)dt

J~max{ (T T2 ) (TXnz Do )o0 (T T2 ) (T T o0 (T2 T2 ) (T T (T o B ) (T T )}

T2 )+0d (T TXo 2 )d

&(t)dt

J‘Od(TXnA n+2)§(t)dt <[(Z+7]]J. Xn Xnﬂ)é:(t)dt

Hence,

J‘d (Txn+1lTXn+2)

d (Txq,TX,)
Et)dt<k" jo E(t)dt, wherek=a +77

for every natural number M we can write the

3 d (X Xpn) < 0
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Tv Eu

o [T eyt o[ eyt

0
Jamax d(Tu,Eu)d(Tv,Ev),d(Tu,Eu)d(Tv,Eu),d(Tv,Ev)d(Tv,Eu),d(Tu,Ev)d (Tv,Eu)}

+n]] £t

j(f‘““‘””z <[5+l T e(t)dt

[6+n]<1

Which is a contradiction because

Hence E and T have unigue common fixed point in X

THEOREM (4.2.2): Let (X,=) be a separated I——Space
which is d -complete for a non-negative real valued function
don XxX with d(x’xz)ofor all Xin X Let E and
T be two continuous shelf mappings of X ,satisfying the

conditions:

(4.2.2a) ET=TE,E(X) <T(X)

n d(Ex,Ey) [d(Tx,Ex)d(Ty,Ey)+d(Tx,Ex)d(Ty,Ex)+d(Ty,Ey)d(Ty,Ex)+d(Tx,Ey)d(Ty,Ex)]
By U _completeness of X the sequence T X bnen (4220) [ sdt <af] g(t)dt
converges to some U € X. Since E(X) QT(X)' therefore
n
the subsequence Lof T Xo}such that, E(T(W)—~Eu, VX, yeX, a0,
al (E(u)) —>Tu withe < 1.Then E and T have aunique common fixed point.
So we have, Eu=Tu Where ¢:[0,00] —>[0,] is a legesgue integrable mapping
which is summable on each compact subset of [O’OO],
lIimT"X, =u T(I|mT X,) =Tu p
Since "= . Ve - OI Et)dt >0
non negative, and such that, 0 .
............ (4.2.1¢)
This implies that Tu=u PROOF:  Let %o be an arbitrary point in X, since
E(x) =T (x)
Hence TU=EU=U
U ) ) T We can chose % €X such that
Thus Y is common fixed point of Eand T-
EX, =TX, EX =TX,........... Ex, =Tx,,,
Uniqueness: For the uniqueness of the common fixed point, if
possible let V be any other common fixed point of Eand T ; for N=123.......
Then from (4.2.1b)
d(TXn+l Txn+2) nvEXn+1)
d(u,v)=d(Eu, Ev) f S(tydt = I S(tydt
[d (Eu,Ev)]? (Tu,Eu)d(Tv,Ev) d(Tu,Eu)d(Tv,Ev)
[, codt<af £ydt+ B, &byt
SO(J;d(Txn,Ex,,)d(Txn,l,ExM)+d(T><mE><n)d(Txm,Ex")+d(T><n,1,ExM)d(TxM,Ex,,)+¢1(Txn,E><,, 1)d(TXq40.Ex, )] (t)dt
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1 (T T2 )d (T T2 o (T T02)0 (T o o (T T2 ) (T T o (T T2 ) (T2, T 1)]

= aj ’ ’ " E(tydt

0

[d(Tx, TXn+1)]

£)dt <[] |, HOL

J'd (TX 110, TXn42)

Hence, d(I'Xml, n+2) <k" d(TxllTX ) wherek = a

For every natural number m, we can write the

S d (X Xyt) < 0

n
By d—completeness of X, the sequence ' Xo}neN

E(x) =T (x),

converges to some U € X. Since So

E(T(u)—>Eu T(E(u)) >Tu

, and

we have, EU=Tu

imT"X, =u,T (lim(n—>w)T"
Since ">

............... (4.2.2b)

X,) =Tu

This implies that TU=U Hence TU=Eu=u

Thus Y is common fixed point of Eand T.

Uniqueness: For the uniqueness of the common fixed point, if

possible let V be any other common fixed point of Eand T ;
Then from (4.2.2b)

d(u,v)=d(Eu, Ev)

[d(Tu,Eu)d(Tv,Ev)+d(Tu,Eu)d(Tv,Ev)+d(Tv,Ev)d(Tv,Eu)+d(Tu,Ev)d(Tv,Eu)]

[ CE cydt <5 ) §(t)dt

d(u,v) [d(uyv)]z
jo E)dt< o jo E()dt
Which is a contradiction because & <1.

Hence E and T have unigue common fixed point in X,
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In next theorems we will prove the common fixed point

theorems for three mappings.

THEOREM -(4.2.3) Let (X,=) be a separated I——Space
which is d -complete for a non-negative real valued function
don X xX with d(X'X):Ofor all X in X Let

E,F,T be three continuous shelves mapping of X,
satisfying the conditions:

(4.2.3a) ET =TE,FT =TF, E(X) = T(X) And F(X) cT(X)

(4 23 b) J~[d (Ex.Fy)P? é(t)dt< J- (Tx,Ex)d(Ty, Fy)g(t)dt
_[0 d(Ty,Fy)d(Ty,Ex) F()dt+ 5_[ (Tx,Fy) d(Ty,Ex) £t
+ ”.[Omax[ad(Tx LEx)d(Ty,Fy),Bd(Tx,Ex)d(Ty,Ex),d(Ty,Fy)d(Ty,Ex),d(Tx,Fy) d(Ty,Ex)] (t)dt
For all
> .
X, ye X and a,y,n,020 with a+o+n <1.Then
E.FT

have unique common fixed point. Where
¢:[0,] >[0.] s 5 Jegesgue integrable mapping which

is summable on each compact subset of [O’Oo], non

£ oj;z;(t)dt >0

negative, and such that,

PROOF: Let Xo be a point in X' Since E(X)=T(X) , We

can choose a point %) in X such that TX1= EXO’also

F(X) CT(X). We can choose a point X, in x such that
X, = Fx

In general we can choose the point

TX2n+1 = Exzn’
. (42.3d)

TXon2 = FXon .

............... (4.2.3e)
For every neN, we have
[d (TXop41.T¥ons2 )] Ld (BXp,FXon,1)I°
[ £dt=[ E(t)t
J-o[d(Ex Fyn?f(t)dt< a‘[d[szn.az,,)d(T ﬁ(t)dt +/3_[ ) (T, .f(t)dt
+}/I:(TXW P, d(f §(t)dt+br” 2 P ) (T “'é(t)dt

max[d (Txpn Exan )d (Thon.1,FXan.1 ) 8 (TXan EXon ) (Tan1 EXon ) (THan 1. Fian,a ) (Than1 EXan ). (TXaq FXan,y ) d (T
1]_[

“V ety
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J‘d (TXzn.1.TX2n+2)
0

( 2n 2n+1)

Et)dt <[a+n][ £(t)dt

For

J‘d (TX2n41.TX2042)
0

d (TX20,TXon.1)
E(t)dt <k jo E(t)dt, where k =a +77

Similarly we have

d (T, TXg)

E(t)dt <k " jo E(t)dt

J‘d (TX2n40:TXan42)
0

Z d (X100 TXpi,p) <00

Thus the d -completeness of the space implies the sequence

n
T X bnen converges to some Yin X .

n n
So by (4.2.3d) and (4.2.3 €), (E Xodnewsgng (F™%0)nen
also converges to the some point u respectively.

ET and F are continuous, there is a subsequence tof

{Tnxo}”eN " such that
E(T(t)) > Eu, T(E(t)) > Tu,F(T()) > Fu

Since

and
T(F(t)) >Tu
Hence we have Eu=Fu=Tu
................. (323 1)
Thus
T(Tu) =T (Eu) = E(Fu) =T (Fu) = F(Tu) = E(Tu) = F(Eu) = F(Fu)
............ (423 9)
Now if Eu = F(Eu)
j[d(Eu F(Eu)) g(t)d[ < j (Tu, Eu)d(TEu‘FEu)g(t)dt

d(Tu,FEu) d(TEu,Eu)

' e(t)dt

J-d (TEu, FEU)d (TEu,Eu)

Eydt+o j

0

-[Omax[ad(Tu,Eu)d(TEu \FEu),d(Tu,Eu)d(TEu,Eu),d(TEu,FEu)d(TEu,Eu),d(Tu,FEu) d(TEu,Eu)]g(t)dt
[d(Eu,F (Eu))] u,F(Eu))d(Tu,F(Eu))
[ <[5 +mf" £(t)dt
[d(Eu,F(Eu))] F(EW))
[ sae<s+nlf " @
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Which is a contradiction because S+ n<l

Eu=F(Eu)
................. (4.2.3h)

From (4.2.3g) & (4.2.3h) we have

Eu=F(Eu) _Tu=E(Eu)
Hence EU is a common fixed pointof E , F &T

Uniqueness:  Let U&VY (U#V) e two common fixed

points of E.F&T

Then by (4.2.3 b), we have
d(u,v) =d(Eu, Fv)

(Tu,Eu)d(Tv,Fv)

a:(t)dt< a j 'yt

(Tu,Fv) d(Tv,Eu)

) 'e@)dt + 5j ')t

max[a d(Tu,Eu)d(Tv,Fv), #d(Tu,Eu)d(Tv,Eu),d(Tv,Fv)d(Tv,Eu),d(Tu,Fv) d(Tv,Eu)]
+1|

[d(Eu,Fv)]
J

J-d(Tv Fv)d(Tv,Eu)

Tt

0

ﬁd(”’v’]z £)dt <[5+ 7] j(fd(“‘“’]z E(tydt

Which is a contradiction, because S+ n<l

Hence U=V

0 E.F&T have unique common fixed point.

THEOREM ( 4.2.4) Let (X’_>) be a separated L -Space
which is d -complete for a non-negative real valued function
don X xX with d(X'X):ofor all X in X Let

E,F,T be three continuous shelves mapping of X,
satisfying the conditions:

(3.2.4a) ET =TE,FT =TF, E(X) c T(X) And F(X) = T(X)

[d (Tx,Ex)d (Ty,Fy }+d (Tx,Ex)d (Ty,Ex }+d (Ty, Fy )d (Ty,Ex }+d (Tx,Fy ) d (Ty,Ex)]

(4.2.4b)j0 g(t)dt<j s T ' §(t)dt
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Forall &Y€ X and @20 with @ <1 Then E.FT have

unique common fixed point. Where & -[0:1=>[0.] s 5
legesgue integrable mapping which is summable on each

compact subset of [O’OO], non negative, and such that,
Ve > oj; E(t)dt =0

PROOF: Let Xo be a point in X Since E(X)=T(X) , We

can choose a point %) in X such that TXl:EXO’aIso
F(X) CT(X)'We can choose a point X2 in X such that
X, = FX.

In general we can choose the point

TX2n+2:FX2n+l-
....................... (4.2.4d)

For every neN

[d (TX2n+l ' TX2n+2 )] = [ d (EXZn ! I:X2n+l)]

' we have

d (Exp Fap, (T X ) (T 1P 0 (T B ) (T EX g} 8 (T 1P ) (T3, B 0 (T P, ) 6 (T 1. B
J"zxzx)é(t)dt<a-[o[(* 20 )0 (TXan 1, Fan i d (T, )d( o 2)d( o d( 1)d(

;(t)dt

d (TX2n41:TX2n42) d (TX2n,TXon41)
[T et <a j et et
For N =123 ,
(TX2041:TX2n+2) d (TX2n,TX2n41)
) PennPens) 2yt <k ) PePens) £yt where k =a?

Similarly we have

d (TXq,TXg)

E(t)dt <k " jo E(t)dt

I(TXZnAvTXZMZ)

Z d (X100 TXpi,p) < 00

Thus the d -completeness of the space implies the sequence

n
T Xoden converges to some Y in X

n n
So (E™)nen "and (F XO)”EN’aIso converges to the some
point U respectively.
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E,T

and F are continuous, there is a subsequence tof

{ nxo}”eN "such that
E(T(t)) > EuT(E()) > Tu, F(T(t)) > Fu

Since

and
T(F(t)) > Tu.
Hence we have Eu=Fu=Tu
.................... (4.24¢)
Thus
T(Tu) =T (Eu) = E(Fu) =T (Fu) = F(Tu) = E(Tu) = F(Eu) = F(Fu)
................. 4241
So we have, if Eu = F(Eu)

1
d (Eu,F (Eu)) [d(Tu,Eu )d(TEu,FEu }+d(Tu,Eu)d(TEu,Eu }+d (TEu,FEu )d (TEu,Eu }+ d (Tu,FEu ) d (TEu,Eu)]
j E(dt < j

[d(Tu,F(Eu))d(Tu, F(Eu)

(Qdt<af £(@Dat

I (Eu,F (Eu))

F(Eu))

syt <77 et

[d(Eu,F(Eu))]
f

Which is a contradiction because o< 1.

Hence Eu=F(Eu)
................... (4.2.4 9)
So
Eu =F(Eu) =T (Eu) = E(Eu)
E,F&T

Hence EU is a common fixed point of

Uniqueness: Let U&v(u=v) be two common fixed points

f E.F&T Then we have

d(u,v) =d(Eu, Fv)

Id (Eu,Fv) (t)d[ < J~[d(Tu JEu)d(Tv,Fv )+d (Tu,Eu)d(Tv,Eu )+d (Tv,Fv)d (Tv,Eu }+d (Tu,Fv) d (Tv,Eu )]

§ (t)dt

d(u,v)< [617d(u,v)
Which is a contradiction, because & < 1

Hence U =V.
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s E.F&T

have unique common fixed point.
THEOREM (4.2.5) Let (X,=) be a separated L-Space
which is d -complete for a non-negative real valued function
d on X x X with CI(X’X):Oforall Xin X,

Let E,F,T be three continuous selves mapping of X
satisfying (4.2.5 a) and

Tx,E”x)d(Ty,qu)

(4.2.5.3) J-O[d(pr'qu)]zg(t)dts aj:(

J-d(Ty,F“y)d(Ty,pr
0

£(t)dt

Tx,F“y) d(Ty,E"x)

eyt + 5]0"( E(t)dt

max[nzd(Tx,E”x)d(Ty,Fq y),/id(Tx,E"x)d(Ty,E"x),d(Ty,qu)d(Ty,E”x),d(Tx,F“y) d(Ty,E"x)
+7

0

TxX=Ty,a,7,n,06 20

For all ®Yin X, with
a+n+o<1,

P A
If some positive integer P.q exists such that E°F and T

E.FT

are continuous, Then have a unique fixed point in X

& :[0,00] - [0,]

. Where is a legesgue integrable
mapping which is summable on each compact subset of

Ve 0[ &tydt>0
[O’OO], non negative, and such that, “ JO O :
PROOF - It follows from (4.2.4)
E’T =TE",F'T =TF*,E’(X) =T (X)
(4.2.5h)

q

And Fi(x) =T(x) FIx) S T(x)

.............. (4.2.5.0)
i.e. U isthe fixed pointof T ,E"and F°

T(Eu) =E(Tu) =E(u) =E(E"u) =EP(Eu)
.................... (4.2.4.d)

and T (FU) = F(Tu) = F(u) = F(E®u) = F*(Fu)

Hence it follows that Eu is common fixed point of T , EP

and FU is a common fixed point of T and F®. The
unigueness of U can be proved easily.
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THEOREM (4.2.6) Let (X’_>) be a separated L-Space

which is d -complete for a non-negative real valued function
d on X x X with CI(X’X):Oforall Xin X

Let E,F,T be three continuous selves mapping of X
satisfying (4.2.5 a) and

) ) '
[d(Tx,EPx)d (Ty, Fay Jd (1%, E2x)d (Ty,E2x )} d Ty, F oy Ja Ty, EPx e (1%, F 9y ) d Ty, EPX

j:(”””)g(t)dts af! £t
............ (4.2.6 2)

. > .
For all X, yln X , x£Ty,a >0 with ¢ <1,

')t

P Ed
If some positive integer P.q exists such that EYF and T

are continuous, Then E.FT

X. where ¢ 02121021 ¢ o jegesgue integrable
mapping which is summable on each compact subset of

Ve oj: E(t)dt =0

have a unique fixed point in

[0.] " hon negative, and such that,

PROOF: It can be proved easily by the help of (4.2.5).

Now we will prove some common fixed point theorem for
four mappings, which contains rational expressions.

THEOREM (4.2.7) Let (X’_>) be a separated L—Space
which is d -complete for a non-negative real valued function
d on X x X with CI(X’X):Oforall Xin X,

Let E.FT be three continuous selves mapping of X
satisfying the conditions:

(42.7a) ES=SE,FT=TF,E(X)cT(X )and F(X)c=S(X)

d(Ty,Fy }+d(Ex Ty)

(4.2.7b) j: ) 2 dt<ar - [seo] ] ‘d(sm)}f(t)dt, forall x, y & X

with [d(Sx,Ty)+d(Ex,Ty)] # Oand e <1,then E, F, T and S haveaunique fixed point.
Where

¢:[0.0] >[0.0] s 5 jegesque integrable mapping which

is summable on each compact subset of [0,00]’

Ve s ojo”g(t)dt >0

non

negative, and such that,

PROOF: Let % € X, there exists a point % €X, such that

T = AXO’amd for this point Xl, we can choose a point
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X €X, such that Bx, =5x, and so on inductively, we can
define a sequence {y”}in X such that Yon = TXoniy = EXoy

and Yania = Monez = Fonuas
Where n= 011; 2 ----------
(Y2n:Y2n:1) EXon,PXanaa)
we have -[ s(tyat = J‘ E(t)dt

d(TXons1: o WA (EXon Tons1 )
max | d(Sx,,,,Ex. N+ n+: n L 2L d (SXy T
<(¥J. |: ( o ZH){ d(SXZn!TXZnH.) d(EXZn'TXZnA) ( o 2n+1)

0

max[d(SxZn = ){d(TX2n+l FXonag A (TXonug, TX2n+1)} d(Sx, Tx2n+1)}
=al,

E(t)dt

d(S%en TXonsa 0 (TXzn40, TX2ns1)

E(t)dt

. OlJ‘maX [d (TXons1.FXonsa ). 0 (S%n . THonsa )]

&(t)dt

0
Case I*:
max [d (TX2n+l ! FX2n+1 )1 d (SXZn ’TX2n+1 ) = d (TX2n+l ! I:XZnJrl )]

d(EXZn ! Fx2n+l) d(EXZn ' FX2n+l)

Then

Which is not possible, because & <l So taking

max [d (TX2n+l’ I:)(2n+1 )’ d (SXZn ’TX2n+l) = d (SXZn ’TX2n+l )]

Hence d (y2n ’ y2n+1 )S 24 d (SXZn 'TX2n+1)

d(yZn ’ y2n+1)£a d(yZn—l’ y2n )

>0

For every integer P "we get

d (yn yn+p ) d (yn yn+1)d (yn+1' yn+2) 7777777 + d (yn+p—1' yn+p )

p

d(y,, yn+p)ﬁ{£a

}d(yn, Yot
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{SX2n+l} of {yn} also
E.F,T

{Exzn}1{FX2n+1}’{rX2n}and

converges to same point U Since
continuous, such that

and S are

E[S(x,)] = Eu, S[E(x,)] — Su, F[T (x,)] — Fu,
T[F(x,)]>Tu

,and

S0, Eu=Su;Fu=Tu

Now from (4.2.7 a) and (4.2.7b)

d(szzn:FXZnﬂ) d[E(Exyp ), FXania]
) E(t)dt = &(t)dt

[ d (TX2n+1vFX2n+l )+d (E(EXZn )vTX2n+1)
Id (S (Exon ) TXonss +0 (E(EX2n) TXone1)

},d (S(Exzn) TXensa )}

E(t)dt

d(S(Expp ), E(Expn
Saj‘max‘:(( 20 ) E(Exzp))
0

u,u)+d(Eu,u)

Taates o Lg(t)dt

_ aJ- { Su,Eu {
d(Eu,u ) <d( Su,u) = a d(Eu,u)

This is a contradiction, because & < 1.

o EU=SU=U, ot is Uis common fixed point of E and

S, Similarly we can prove

Fu=Tu=u. g5 E'F.S 504 T have common fixed
point.

Uniqueness: In order to prove uniqueness of common fixed

E.F,T

point, let V be another fixed point of and S ,such

that ¥V * U

[ d(Tv,Fv }+d (Eu,Tv)

1W}‘d(su’wﬂ§(t)dt

d(Su,Eu)

[ st [ ok <a] ™

d (u’ V) <ad (u’ V) this is a contradiction because & < 1.

Hence U is the unique common fixed point of ET.F and
d(y,, —0. S.
Letting M — % we have (¥ y”*") Therefore Wk
is a Cauchy sequence in X. Byd -completeness of X, This completes the proof.
adnen _is converges to some Y€ X. 50 subsequence
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Casel™ :
THEOREM (4.2.8) Let (X’_>) be a separated L-Space ase
which is d -complete for a non-negative real valued function If
d on X x X with d (X, X) = Ofor all X in X max [d(yzw y2n+1)’ [d(yZn—lY Yon )+d(y2n’y2n+1)]’d(y2n—1’ Yon )]:d(yzm y2n+1)
Let E.F.T be three continuous selves mapping of X Then by case first of theorem (4.2.7), it is a contradiction.
satisfying the conditions:

(4288) ES =SE,FT=TF,E(X)=T(X )and F(X csffisf”nd

(4.2.8b) J’:(EX'FY)g(t)dtSa_L [ ”{3@1%&3{23)} (S‘Ty} E(t)dt, forall X, y & X [d(yZn’y2n+l)'{d(y2n—1'y2n)+d(y2n’y2n+l)}’d(y2n—1’yZn)]:d(yZn—lly2n)
with [d(Sx,Ty)+d(Ex,Ty)] = Oand o <1,then E,F,T and S haveaunique fixed point. Then by theorem (4.2.7), it is clear that E.FT and S have
Where ¢:[0,00] >[0,] is a legesgue integrable mapping unique common fixed point.

which is summable on each compact subset of [O’OO],
Ve oj; E(t)dt =0

Case 1™

non negatlve, and SUCh thatl max [d (yZn ’ y2n+1)' [d(yanl’ y2n )+ d(yZn ' y2n+1)]’ d(y2n—1' yZn )]:[d (yZn—ll y2n )+ d(y2n ' y2n+1)]

PROOF: This theorem follows by theorem (4.2.7)

Then
THEOREM (4.2.9) Let (X’_>) be a separated L—Space
(Yan-1:Y20)+d (YanY2ns1)]

which is d -complete for a non-negative real valued function I inye) E(D)dt < I E(t)dt
d on X x X with CI(X’X):Oforall Xin X

J- (Y2n Y2ns1) ()t <_J- y2n_1,y2n)§(t)dt

Let E.FT be three continuous selves mapping of X
satisfying the conditions:
Y2n+1 d(Y2n1.Y2n) a
(429a) ES=SE,FT=TF,E(X)cT(X )and F(X sjf E(tdt <k jo £dt,  wherek=——— <1
-

(4.29b) J-:(E dt<aI { StEX [u(gg) ::zm} d(ExTy :Z Z;x dt:1:;}‘[d(5x‘Exl+d(Fy‘Wl]‘d(Sx.Tv]} ()t . -

forall x,ye X with [d(Sx,Ty)+d (ExTy)] = Oand 2a<1 As applying the same process in second part of theorem, we
ThenE,F,Tand Shave a unique common fixed point. get a unique common fixed point for E, F'T and S This

completes the proof.

&:[0,00] ->[0,00] . :
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