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Introduction 

Fixed point theory is one of the most important tools to solve 

various analytical problems in mathematics. The first known 

result in this direction was given by Banach known as Banach 

contraction principle. After the result of Banach there are so 

many generalizations of banach contraction principle are 

presented by many mathematicians.  

Recently, Guang and Xian [5] introduced the notion of cone 

metric spaces and proved some fixed point theorems in cone 

metric spaces for mappings satisfying various contractive 

conditions. In [6], Rezapour and Hamlbarani generalized some 

results of [5] by omitting the assumption of normality in the 

results. 

In this present article we give some fixed point theorem in 

cone metric space for pointwise contraction which is 

generalization and extension of various known results. 

Let   be a normed linear space. The subset   of   is called a 

cone if 

(i)   is closed, non-empty and         

(ii)             for all         and all non-negative real 

numbers     

(iii) P   P =     

For a given cone      , we can define a partial ordering  

 with respect to   by       if and only           .       

will stand for      and      , while     will stand for 

             , where      denotes the interior of    The cone 

  is called normal if there is a number       such that for all 

                  implies ‖ ‖     ‖ ‖. 

The least positive number satisfying the above conditions is 

called the normal constant of  . 

Definition 1.1. Let   be a non-empty set,    ‖ ‖  a normed 

space that is ordered by a normal cone   with constant normal 

   ,          and   is a partial ordering with respect to  . 

Also suppose that and the mapping              satisfies 

(i)            for all         and            if and only if 

   , 

(ii)                 for all for all         

(iii)                                            

Then   is called a cone metric on    an        is called a cone 

metric space. 

For example suppose                         

         and              defined by         

 |   |    where              such that            .It easy 

to see that       is a cone metric space . 

Let       be a cone metric space,      a sequence in          

and also for every 𝑐   𝐸 with        there is an integer 

      such that for all                  . Then       is 

said to be convergent to  . We denote this by            

If for every      with       there is an integer       such 

that for all                       Then       is said to be 

Cauchy sequence. If every Cauchy sequence is convergence, 

then X is called a complete cone metric space. 

Also sequence       is said to be bounded if there is       

such that for all       we have  

             

Fixed point theory is an important tool for solving equations 

           However, if   does not have fixed points, then one 

often tries to find an element x which is in some sense closest 

to      . A classical result in this direction is a best 

approximation theorem due to Ky Fan ([3]).  

In this paper we consider sufficient conditions that ensure the 

existence of fixed point in cone metric space. It is notable that 

we use the results of [1-4]. 

Main Results 

In this section we present some fixed point theorems for 

pointwise contraction on cone metric spaces. 

Let   be a cone metric space. A mapping          is 

called a pointwise contraction if there exists a mapping  : 

    [  
 

 
) such that 
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Let 𝑀 be a cone metric space. A mapping 𝑇  𝑀 → 𝑀 is called 

an asymptotic pointwise mapping if there exists a sequence of 

mappings  𝛼𝑛  𝑀→ [0,12)  such that  

𝑑𝑇 𝑛𝑥,𝑇 𝑛 𝑦≤ 𝛼𝑛𝑥𝑑𝑥,𝑇 𝑛𝑦+𝑑𝑇 𝑛𝑥,𝑦 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥,𝑦   𝑀.     

Now if {𝛼𝑛} converges pointwise to 𝛼  𝑀 → [0,12 )  , then T 

is called an asymptotic pointwise contraction. 

Proposition 2.1. Let 𝑀 be a complete cone metric space , 𝑃 a 

normal cone with normal constant 𝐾 and 

 𝑇  𝑀 → 𝑀 a pointwise contraction. If there is 𝑏   (0,12 ) and 

𝑛0  𝑁 such that 

1)   𝛼 (𝑥𝑛) < 𝑏, for all 𝑛 > 𝑛0,  𝑥0   𝑀,  𝑥𝑛+1 = 𝑇𝑛+1 𝑥0 

2)    𝑙𝑖𝑚𝑛→∞𝛼 (𝑥𝑛) = 0; 

then 𝑇 has a unique fixed point in 𝑋. 

Proof. Choose 𝑥0   𝑋 and 𝑛 ≥ 1. Set 

𝑥1 = 𝑇 𝑥0, 𝑥2 = 𝑇 𝑥1 = 𝑇2 𝑥0,………… 𝑥𝑛+1 = 𝑇 𝑥𝑛 = 

𝑇𝑛+1𝑥0 ,…………. 

We have 

𝑑𝑥𝑛,𝑥𝑛+1= 𝑑𝑇 𝑥𝑛−1 ,𝑇 𝑥𝑛 ≤𝛼𝑥𝑛−1[𝑑𝑥𝑛−1,𝑇𝑥𝑛+𝑑𝑇 𝑥𝑛−1 

,𝑥𝑛]                                            ≤𝑞 𝑑(𝑥𝑛−1 ,𝑥𝑛)      

where q =𝑏1−𝑏   (0,1)   

For 𝑛 > 𝑚 > 𝑛0, We have 

𝑑𝑥𝑛,𝑥𝑚≤ 𝑑𝑥𝑛,𝑥𝑛−1+ 𝑑𝑥𝑛−1,𝑥𝑛−2+ …….+ 𝑑𝑥𝑚+1,𝑥𝑚 

             ≤𝑞𝑛−1+ …..+ 𝑞𝑚𝑑𝑥0,𝑥1, 

Thus  𝑑(𝑥𝑛,𝑥𝑚) ≤𝑞𝑚1−𝑞𝑑(𝑥0,𝑥1). Since 𝑃 is normal we 

obtain, 

                      𝑑(𝑥𝑛,𝑥𝑚)≤𝑞𝑚1−𝑞𝐾𝑑(𝑥0,𝑥1). 

This implies 𝑑(𝑥𝑛,𝑥𝑚) →0. Hence {𝑥𝑛}  is a Cauchy 

sequence. By completeness of 𝑀, there is 𝑥∗ 𝑀 

such that 𝑥𝑛→ 𝑥∗. Thus,  

 𝑑𝑇 𝑥∗,𝑥∗≤𝑑𝑇 𝑥𝑛,𝑇 𝑥∗+𝑑𝑇 𝑥𝑛,𝑥∗.   

               ≤𝛼𝑥𝑛[𝑑𝑥𝑛,𝑇𝑥∗+𝑑𝑇 𝑥𝑛,𝑥∗]+ 𝑑𝑇 𝑥𝑛,𝑥∗. 

              ≤𝛼𝑥𝑛𝑑𝑥𝑛,𝑇𝑥∗+[1+𝛼𝑥𝑛]𝑑𝑇 𝑥𝑛,𝑥∗] 

         ≤𝛼𝑥𝑛[𝑑𝑥𝑛,𝑇 𝑥𝑛+𝑑𝑇 𝑥𝑛,𝑇𝑥∗]+[1+𝛼𝑥𝑛]𝑑𝑇 𝑥𝑛,𝑥∗] 

Since 𝑥𝑛→ 𝑥∗ 

Thus 

𝑑𝑇 𝑥∗,𝑥∗≤𝛼𝑥𝑛𝐾[𝑑𝑥𝑛,𝑇 𝑥𝑛+𝑑𝑇 𝑥𝑛,𝑇𝑥∗]+[1+𝛼𝑥𝑛]𝐾𝑑𝑇 

𝑥𝑛,𝑥∗→0 

Therefore, 𝑑(𝑇 𝑥∗,𝑥∗) = 0, and so 𝑇 𝑥∗ = 𝑥∗. Now, if 𝑦∗ is 

another fixedpoint of T , then 

𝑑𝑥∗,𝑦∗= 𝑑𝑇 𝑥∗,𝑇 𝑦∗≤𝛼𝑥∗[𝑑𝑥∗,𝑇𝑦∗+𝑑𝑇𝑥∗,𝑦∗] 

       ≤2 𝛼𝑥∗𝑑𝑥∗,𝑇𝑦∗ 

Hence 𝑑(𝑥∗,𝑦∗) = 0, and so 𝑥∗ = 𝑦∗. 

Therefore, the fixed point of T is .unique.  

Let M be a cone metric space and ℱ a family of subsets of M. 

Then we say that ℱ defines a convexity structure on M if it 

contains the closed balls and is closed under intersection. We 

will say that ℱ is compact if any family (𝐴𝛼)𝛼   Г of elements 

of ℱ, has a nonempty intersection provided 

 𝛼  𝐹 𝐴𝛼≠    for any finite subset 𝐹   𝛤. We will say that a 

function    𝑀 → 0,∞ is ℱ -convex if 𝑥; 𝑥≤𝑟  ℱ for any  𝑟 ≥ 

0. We will say that a convexity structure ℱ on M is T -stable if 

mappings       

 𝑢:=𝑙𝑖𝑚𝑛→∞𝑠𝑢𝑝𝑑𝑥𝑛,𝑢 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢   𝑀;  

are ℱ -convex . 

Lemma 2.2.   Let M be a cone metric space and ℱ a compact 

convexity structure on M which is T -stable. Then for any 

mappings   there exists 𝑥0  𝑀 such that 

 𝑥0=𝑖𝑛𝑓 𝑥,𝑥   𝑀. 

The proof is easy and will be omitted. 

Proposition 2.4. Let X be a complete cone metric space, P a 

normal cone with normal constant K and T : 𝑇  𝑋 → 𝑋 . If 

there is a continuous map 𝜑 :𝑃→[0,12 ),           𝜑1, 𝜑2 𝜑 and 

𝑛0 𝑁 such that 

1) 𝑑𝑇 𝑥,𝑇 𝑦≤𝜑1𝑑𝑥,𝑦𝑑𝑥,𝑦+𝜑2𝑑𝑥,𝑦𝑑( 𝑥,𝑇𝑥) 𝑑(𝑦,𝑇 𝑦))1+𝑑(𝑥,𝑦) 

2) 𝑓𝑜𝑟 𝑎𝑛𝑦 𝜑 𝜑  such that 𝜑0=0. 

then T has a unique fixed point in X. 
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Proof. Choose 𝑥0   X and n ≥ 1. Set 

𝑥1 = T 𝑥0, 𝑥2 = T 𝑥1 = 𝑇2 𝑥0,………… 𝑥𝑛+1 = T 𝑥𝑛 = 

𝑇𝑛+1𝑥0 ,…………. 

We have 

 𝑑𝑥𝑛,𝑥𝑛+1= 𝑑𝑇 𝑥𝑛−1 ,𝑇 𝑥𝑛  

 ≤𝜑1𝑑𝑥𝑛−1 ,𝑥𝑛𝑑𝑥𝑛−1 ,𝑥𝑛+𝜑2𝑑𝑥𝑛−1 ,𝑥𝑛𝑑( 𝑥𝑛−1 ,𝑇𝑥𝑛−1 ) 

𝑑(𝑥𝑛,𝑇 𝑥𝑛))1+𝑑𝑥𝑛−1 ,𝑥𝑛  

 ≤𝜑1𝑑𝑥𝑛−1 ,𝑥𝑛𝑑𝑥𝑛−1 ,𝑥𝑛+𝜑2𝑑𝑥𝑛−1 ,𝑥𝑛𝑑( 𝑥𝑛−1 ,𝑥𝑛 ) 

𝑑(𝑥𝑛,𝑥𝑛+1))1+𝑑𝑥𝑛−1 ,𝑥𝑛  

 ≤𝜑1𝑑𝑥𝑛−1 ,𝑥𝑛𝑑𝑥𝑛−1 ,𝑥𝑛+𝜑2𝑑𝑥𝑛−1 ,𝑥𝑛𝑑𝑥𝑛,𝑥𝑛+1   

𝑑𝑥𝑛,𝑥𝑛+1 ≤𝜑1𝑑𝑥𝑛−1 ,𝑥𝑛𝑑𝑥𝑛−1 ,𝑥𝑛[1−𝜑2𝑑𝑥𝑛−1 ,𝑥𝑛]  

                ≤ℎ 𝑑𝑥𝑛−1 ,𝑥𝑛  

where  ℎ = 𝜑1𝑑𝑥𝑛−1 ,𝑥𝑛[1−𝜑2𝑑𝑥𝑛−1 ,𝑥𝑛]    

 For 𝑛 > 𝑚 > 𝑛0, 

 𝑑𝑥𝑛,𝑥𝑚≤ 𝑑𝑥𝑛,𝑥𝑛−1+ 𝑑𝑥𝑛−1,𝑥𝑛−2+ …….+ 

𝑑(𝑥𝑚+1,𝑥𝑚)  

         ≤ℎ𝑛−1+ …..+ ℎ𝑚𝑑𝑥0,𝑥1,  

thus 𝑑(𝑥𝑛,𝑥𝑚) ≤ℎ𝑚1−ℎ𝑑(𝑥0,𝑥1). Since P is normal we 

obtain, 

                      𝑑(𝑥𝑛,𝑥𝑚)≤ℎ𝑚1−ℎ𝐾𝑑(𝑥0,𝑥1). 

This implies 𝑑(𝑥𝑛,𝑥𝑚) →0. Hence {𝑥𝑛}  is a Cauchy 

sequence. By completeness of M, there is 𝑥∗ 𝑀 

such that 𝑥𝑛→ 𝑥∗. Thus,  

𝑑𝑇 𝑥∗,𝑥∗≤𝑑𝑇 𝑥𝑛,𝑇 𝑥∗+𝑑𝑇 𝑥𝑛,𝑥∗.  

≤𝜑1𝑑𝑥𝑛,𝑥∗𝑑𝑥𝑛,𝑥∗+𝜑2𝑑𝑥𝑛,𝑥∗𝑑(𝑥𝑛,𝑇𝑥𝑛)  

𝑑(𝑥∗,𝑇 𝑥∗))1+𝑑(𝑥𝑛,𝑥∗)+𝑑𝑇 𝑥𝑛,𝑥∗. 

           𝑑(𝑇 𝑥∗,𝑥∗)≤  0  

𝑤ℎ𝑖𝑐ℎ 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛. so we have 

  𝑑(𝑇 𝑥∗,𝑥∗)= 0.  

Therefore , 

𝑑𝑇 𝑥∗,𝑥∗=0, and so 𝑇 𝑥∗=𝑥∗. Now, if 𝑦∗ is another fixed point 

of T, then 

𝑑𝑥∗,𝑦∗= 𝑑𝑇 𝑥∗,𝑇 𝑦∗ ≤𝜑1𝑑𝑥∗,𝑦∗𝑑𝑥∗,𝑦∗+𝜑2𝑑𝑥∗,𝑦∗𝑑( 𝑥∗,𝑇𝑥∗) 

𝑑(𝑦∗,𝑇 𝑦∗))1+𝑑(𝑥∗,𝑦∗)  

    ≤𝜑1𝑑𝑥∗,𝑦∗𝑑𝑥∗,𝑦∗  

Hence 𝑑(𝑥∗,𝑦∗) = 0,  and so 𝑥∗ = 𝑦∗.  Therefore, the fixed 

point of T is unique. 
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