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ABSTRACT

In this paper, some results on fixed point theorem in Hilbert
Space by using self mapping are established for new rational
expressions. The results will extend and generalized well-
known previous results.
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2. Introduction and Preliminaries:

After the Banach’s fixed point theorems many researchers
worked on Hilbert spaces for generalizing this principle. Most
of them worked for random operator. In recent years, the study
of random fixed points have attracted much attention some of
the recent literatures in random fixed points may be noted in
[1,2,3,4].In particular ,random iteration schemes leading to
random fixed point of random operators have been discussed
in [5,6,7]. But the present chapter deals with the basic results
on Hilbert space. We find unique fixed point and common
fixed point theorems in Hilbert space. Our results are
motivated by Kanan [9] Koparde P.V. and Waghmode D.B.
[10] Shrivastava, Salu and Nair Smita [11,12] Tiwari K. and
Lahiri B.K. [13] and extended many previous known results.
In order to establish the above cited theorem we define the
followings:

2.1  Normed Space: A linear space X over the

scalar field K (K = Real or Complex) is called Normed space
if there is a function ||.||: X - R* satisfying:

(1) lIxll= 0 vx €X

2 lIxll=0iffx=0, VXx€X

@ lx+ylls lIx+zll+ llz+yll, vxy,z€ X
(4) llax|l = la|llxll, V€K

2.2 Inner Product Space: Let X be a vector space

over the field of real or complex numbers. A mapping,
denoted by <.> or (.,.) defined on X x X into the underlying
field is called an inner product of any two elements x and y of
X if the following conditions are satisfied:

1) <xx>= 0VxeX

<xx>= 0 iffx= 0VvxeX

(2) <x+4+y,z> =<xz>+<yz>
Vx,y,z €X
(3) <ax,y> = a<xy> Va€eK

4) <xy>=<yx> Vxy€eK
2.3 Hilbert Space: An inner product space X is called a
Hilbert space if the norm space induced by the inner product is
a Banach space (complete norm space). That is every Cauchy
sequence {x,} € X with respect to the norm induced by the
inner product is convergent with respect to this norm.
2.4 Convex Set: A set A in a normed space is said to be
convex if

ox + (1—a)y €A Vx,y€A, a€[0,11]
2.5 Fixed Point: Let H be a Hilbert space and T: H— H
be a mapping . A point x is said to be a fixed point of T if
Tx) = x
2.6 Common Fixed Point: Let H be a Hilbert space
and S, T: H—H be two mappings. A point x is said to be a
common fixed pointof Sand T if S(x) = T(x) = x.
2.7 Sharma etal [13] have proved the following a common

fixed point theorem for self —mapping satisfying the following
condition
llx = Tx|I” + lly — Tyll?

ITx =Tyl < a
Y I — Tl + lly — Tyl

+Bllx =yl

Forallx,y € C,x + y, 0Sa<%,0§,8, 20+ B < 1.

MAIN RESULTS:

In this section, we prove a common unique fixed point
theorem for self-mapping in Hilbert spaces.
Theorem 3. 1: Let C be a non empty closed subset of Hilbert
space H
Let T:C - C be a self -mapping satisfies the following
Condition

llx —Txll +lly =Tyl +Ilx—yll

[ITx —Tyl| < a
1+ |lx — Tx|[llx = Tylllly — Tyllllx — yll
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o
llx — Tyll? + lly — Tx||?
=i+ y—ra T
Forallx,yeC,x+y, 0<a,pf <% 0<yand 3a+28+
y <1
Then T has a unique fixed pointin C.
Proof: Let C be a non-empty closed subset of Hilbert space H
and T: C — C be a self —-mapping.
Let x, € C isan arbitrary. We define a sequence {x,} in C as
follows
Xps1 = Tx, = T 1x,, forn =0,1,2,3, e cevev eev oo
If for some n, x, = x,41
Then it is immediately follows x,, is a fixed point of T.
Now we suppose that x,,,; # x,, forn =0,1,2,3, ... .. ... ... ...
Forall n > 1 we have
”xn+1 - xn” = ”Txn - Txn—l”
e, — Tl + %01 = Txpall + I — 24l

S a
1+ ”xn - Txn””xn - Txn—l”llxn—l - Txn—l”llxn - xn—l”

llxn = Tt |12 + llxn—1 — T I?
I = Txn—qll + X1 — Tyl
" X0 = Xnsall 4+ l1xn—g =2l + X0 = xn4ll
1+ llx = xppallllxn, = xnllllxn-1 = xn llllxn — 254l
+ﬁ ”xn B xnllz + ”xn—l B xn+1”2
”xn - xn” + ”xn—l - xn+1”
< a{”xn - xn+1” + lexn—l - xn”} + .Bllxn—l - xn+1”
+yllxn = xnall
= (1 —a—=Bllxnes —xall < Ca + B+ ¥)llxn — xp|l

+ﬁ + Y||xn —Xn-1 ”

+ ¥llxn — xp-4ll

2+ +y

)

= s = all < (

=2 [[Xpe1 = Xnll < sllxp — x4l

Where s = (%) < 1since3a + 28 +y < 1.
Now since  [Ixn41 — Xpll < sllay = 254l < 8% {lx0—y —
Xzl € v ee < 5™2; — x|

e, [[xpe1 — Xnll < 5™l — x| Foralln > 1.
Now we will prove that {x,} is a Cauchy sequence for this
”xn - xn+p|| < ”xn - xn+1” + ”xn+1 - xn+2” + o
+ [[nsp-1 = Xnap |
S (st s M2 + s™PD)|1x; — x|
=s"(1+s+s24- ... + 5P ||x, — x|

Sn
< (7= It = ol

= ||xn - xn+p|| -0 as n - oosincep < 1.
Therefore {x,,} is a Cauchy sequence.
Since C is a closed subset of Hilbert space.
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Therefore there exist an element u € C such
that lim,,_. x, = u.

Now we will prove that u is a fixed point of T.

Let Tu # u.
Consider [|u — Tul| = |lu — x,, + x,, — Tul|
< llu = xull + [l — Tu|
= |lxn, — Tul|
= |ITxp-1 — Tul|

" lxp—1 = Txpall +llu—Tull + |lx,—q —ull
T T+ lxner = Ty — Tullllu — Tullllx, -1 — ull
xn—1 — Tull® + llu — Tx,_4 |1
+B
12—y — Tull + [t — Tty
Takingn - o = |lu—Tul <0
>u=Tu

Hence u is a fixed point of T.
Uniqueness: Suppose that v be the another fixed point of T
such that

+ ¥l = ull

Then lu—v| = ||Tu — Tv||
lu—Tull +llv—-Tvll +|lu—vl
1+ llu = Tullllu — villlv — Tvl
lu —Tvll* + llv — Tull?
+B
llu — Tvll + llv — Tull
< afllu —Tull + lv —Tvll + llu — vlI} + 28{llu — v}
+yllu—vll
>A-a-28-Y)lu—-v||<0
= ||lu — v|| = 0, Therefore u = v.
Hence u is a unique fixed point of T.
Theorem 3.2: Let C be the non-empty closed subset of a
Hilbert space H
Let F,G:C — C be the two self —mappings satisfying the
following Condition
llx — Fxll +lly =Gyl +llx—yll
1+ [lx = Fx|lllx = Gylllly — Gyllllx — vl
+p llx — Gyl + lly — Fx|?
llx = Gyll + lly — Fxl|
Forallx,y € C,x # vy, 0Sa,ﬂ<§ 0<yand3a+28+
y <L
Then F and G have a uniqgue common fixed point in C.
Proof: Let C be a non-empty closed subset of Hilbert space H
and F, G: C — C are the two self —mappings.
Letx, € C isan arbitrary. We define a sequence {x,} in C as
follows
Xon+1 = Fon, Xon+z = GXony1,
Forn=0,1,2,3, ... ... e e ...
If for some n, x, = X411 = Xn4z
Then it is immediately follows x,, is a common fixed point of
F and G.

+yllu—vl

IFx = Gyll < a

+vllx —yll
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Now we assume that there are no three consecutive terms
equal in {x,}.
We have
%241 = Xonll = [[Fxgn — Gxppyll
llxzn — Fxanll  + lIx2n—1 — Gxop_qll + [[x2n — X254l

T lxgn = Fxoullllxan — Gxon—qllllx2n-1 — Gxan—1 X0 — X241l

”xZn - GxZn—l”2 + "xZn—l - FxZn”2

+B

+ vllx2n — xan-1ll
”x2n - GxZn—l” + "xZn—l - FxZn” " "

lx2n — Xoneall  + llxan—1 — xonll  + llxzn — X204l
1+ ”xZn - x2n+1””x2n - xZn”“xZn—l - xZn”
+ﬁ ”x2n - xZn”2 + ”xZn—l - x2n+1”2
”xZn - xZn” + ”xZn—l - x2n+1”
< a{llxzn — Xoneall + 2llx20—1 = X201} + Bllx2n—1 — Xan44ll
+ VX2 — xon-all
(1 —a = Pllxznsr — xanll < 2a + B+ V)lIx2n — X2n-all

+ V220 — X2l

2a+B+y
1—a—-p

= [[Xon41 — Xonll < ( ) %2 — X2n—1ll

= |xzn41 — Xanll < kllxzn — X2p-1ll

Where s = (%) <1lsince3da+28+y<1.
In general, [Ixy41 — xpll < sllxy — X1 1l < % I%-1 —
Xzl S e S 5™l — X0l

i.e.,|lxpe1 — xnll < s™||x; — x0ll, Forallm > 1.
Now we will prove that {x,,} is a Cauchy sequence for this

”xn - xn+p|| <l = Xl + 41 = Xpgall + e

+ [ %nap-1 = Xnap||
S (™4 S+ ST b TP |3y — x|

Sn
= (1) I =

= ||, = x%p4p|| = 0,851 > o0, sinCE S < 1.
Therefore {x,,} is a Cauchy sequence.

Since C is a closed subset of Hilbert space.
Therefore there exist an element
lim,, e X, = u.

Now we will prove that u is a common fixed point of FandG.
Firstly we will prove that u is a fixed point of F.

u € C such that

Let Fu # u.
Consider [[u — Ful| = ||u — Xgp42 + X2n42 — Ful|
< llu = xzn42ll + lIx2n42 — Full
= |[xX2n42 — Full
= ||[Fu — GXzp44]l
lu = Full  + llxgne1 — Gxoneall  + Il — x2n44ll

T lu = Fullllu — GxangqllllX2n41 — Gxoparllllu — xop44l
+B llu — G952n+1||2 + llx2n41 — Ful|?

+ vllu — xan4all
llu — Gxapiall + X241 — Full ant

Solving and takingn - o0 = |l[u — Ful|[ <0

International Journal of Advanced Technology & Engineering Research (IJATER)

www.ijater.com

>u=Fu
Hence u is a fixed point of F.
Similarly it can be proved that u is a fixed

point of G.

Hence u is a common fixed point of F and G.

Uniqueness: It can be proved easily as Theorem 3.1
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