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ABSTRACT 

In this paper, some results on fixed point theorem in Hilbert 

Space by using self mapping are established for new rational 

expressions. The   results will extend and generalized well- 

known previous results. 
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2. Introduction and Preliminaries:  

After the Banach’s fixed point theorems many researchers 

worked on Hilbert spaces for generalizing this principle. Most 

of them worked for random operator. In recent years, the study 

of random fixed points have attracted  much attention some of 

the recent literatures in random fixed points may be noted in 

[1,2,3,4].In particular ,random iteration schemes leading to 

random fixed point of random operators have been discussed 

in [5,6,7].  But the present chapter deals with the basic results 

on Hilbert space. We find unique fixed point and common 

fixed point theorems in Hilbert space. Our results are 

motivated by Kanan [9] Koparde P.V. and Waghmode D.B. 

[10]  Shrivastava, Salu and Nair Smita [11,12] Tiwari K. and 

Lahiri B.K. [13] and extended many previous known results. 

In order to establish the above cited theorem we define the 

followings: 

2.1  Normed Space: A linear space X over the 

scalar field   (K = Real or Complex) is called Normed space 

if there is a function   ‖  ‖       satisfying: 

 (1)  ‖ ‖              

 (2)   ‖  ‖                    

 (3)  ‖    ‖    ‖    ‖   ‖     ‖         X 

 (4)  ‖  ‖  | |‖ ‖          

2.2 Inner Product Space: Let   be a vector space 

over the field of real or complex numbers. A mapping, 

denoted by     or       defined on     into the underlying 

field is called an inner product of any two elements   and   of 

  if the following conditions are satisfied: 

  

(1)                        

   

            iff              

 (2)                                  

         

 (3)                           

 (4)                         

2.3 Hilbert Space: An inner product space   is called a 

Hilbert space if the norm space induced by the inner product is 

a Banach space (complete norm space). That is every Cauchy 

sequence  {  }      with respect to the norm induced by the 

inner product is convergent with respect to this norm. 

2.4 Convex Set: A set   in a normed space is said to be 

convex if  

                            [   ] 

2.5 Fixed Point: Let   be a Hilbert space and        

be a mapping . A point x is said to be a fixed point of T  if  

            

2.6 Common Fixed Point: Let   be a Hilbert space 

and         be two mappings. A point   is said to be a 

common fixed point of   and   if               . 

 2.7 Sharma et.al [13] have proved the following a common 

fixed point theorem for self –mapping satisfying the following 

condition 

‖     ‖   
‖    ‖  ‖    ‖ 

‖    ‖  ‖    ‖
  ‖   ‖ 

 

 For all          ,      
 

 
                   

MAIN RESULTS:  

In this section, we prove a common unique fixed point 

theorem for self-mapping in Hilbert spaces. 

Theorem 3. 1: Let   be a non empty closed subset of Hilbert 

space   

 Let        be a self -mapping satisfies the following 

Condition   

‖     ‖   
‖    ‖  ‖    ‖  ‖   ‖

  ‖    ‖‖    ‖‖    ‖‖   ‖
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‖    ‖  ‖    ‖ 

‖    ‖  ‖    ‖
  ‖   ‖ 

 For all          ,        
 

 
      and       

     

  Then    has a unique fixed point in    

Proof: Let   be a non-empty closed subset of Hilbert space   

and       be a self –mapping. 

 Let        is an arbitrary. We define a sequence {  } in   as 

follows 

               , for                 

If for some           

Then it is immediately follows    is a fixed point of     

Now we suppose that        , for                 

For all     we have 

‖       ‖  ‖         ‖ 

  
‖      ‖  ‖          ‖  ‖       ‖

  ‖      ‖‖        ‖‖          ‖‖       ‖
 

  
‖        ‖

  ‖        ‖
 

‖        ‖  ‖        ‖
  ‖       ‖ 

  
‖       ‖  ‖       ‖  ‖       ‖

  ‖       ‖‖     ‖‖       ‖‖       ‖
 

  
‖     ‖

  ‖         ‖
 

‖     ‖  ‖         ‖
  ‖       ‖ 

  {‖       ‖   ‖       ‖}   ‖         ‖

  ‖       ‖ 

        ‖       ‖          ‖       ‖ 

 ‖       ‖  (
      

     
) ‖       ‖ 

 ‖       ‖   ‖       ‖ 

  

Where   (
      

     
)    since            

Now since ‖       ‖   ‖       ‖    ‖     

    ‖         ‖     ‖ 

     ‖       ‖    ‖     ‖                     For all      

Now we will prove that {  } is a Cauchy sequence for this 

‖       ‖  ‖       ‖  ‖         ‖      

 ‖           ‖ 

                          ‖     ‖ 

                    ‖     ‖ 

 (
  

   
) ‖     ‖ 

 ‖       ‖        as        since      

Therefore {  } is a Cauchy sequence. 

Since   is a closed subset of Hilbert space. 

Therefore there exist an element     such 

that             . 

Now we will prove that   is a fixed point of   . 

Let       

Consider ‖    ‖  ‖          ‖ 

 ‖    ‖  ‖     ‖ 

 ‖     ‖ 

 ‖        ‖ 

  
‖          ‖  ‖    ‖  ‖      ‖

  ‖          ‖‖       ‖‖    ‖‖      ‖
 

  
‖       ‖  ‖       ‖

 

‖       ‖  ‖       ‖
  ‖      ‖ 

            ‖    ‖    

      

Hence   is a fixed point of    

Uniqueness: Suppose that   be the another fixed point of    

such that 

.  

Then  ‖   ‖  ‖     ‖ 

  
‖    ‖  ‖    ‖  ‖   ‖

  ‖    ‖‖   ‖‖    ‖

  
‖    ‖  ‖    ‖ 

‖    ‖  ‖    ‖
  ‖   ‖ 

  {‖    ‖  ‖    ‖  ‖   ‖}    {‖   ‖}

  ‖   ‖ 

           ‖   ‖    

 ‖   ‖   , Therefore      

Hence   is a unique fixed point of     

Theorem 3.2: Let   be the non-empty closed subset of a 

Hilbert space   

 Let          be the two self –mappings satisfying the 

following Condition  

‖     ‖   
‖    ‖  ‖    ‖  ‖   ‖

  ‖    ‖‖    ‖‖    ‖‖   ‖
 

  
‖    ‖  ‖    ‖ 

‖    ‖  ‖    ‖
  ‖   ‖ 

 For all          ,        
 

 
      and       

     

  Then    and   have a unique common fixed point in    

Proof: Let   be a non-empty closed subset of Hilbert space   

and         are the two self –mappings. 

 Let        is an arbitrary. We define a sequence {  } in   as 

follows 

          ,                         , 

 For                 

If for some                

Then it is immediately follows    is a common fixed point of  

  and    
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Now we assume that there are no three consecutive terms 

equal in {  }  

 We have 

‖         ‖  ‖           ‖ 

  
‖        ‖  ‖            ‖  ‖         ‖

‖        ‖‖          ‖‖            ‖‖         ‖
 

  
‖          ‖

  ‖          ‖
 

‖          ‖  ‖          ‖
  ‖         ‖ 

  
‖         ‖  ‖         ‖  ‖         ‖

  ‖         ‖‖       ‖‖         ‖
 

  
‖       ‖

  ‖           ‖
 

‖       ‖  ‖           ‖
  ‖         ‖ 

  {‖         ‖   ‖         ‖}   ‖           ‖

  ‖         ‖ 

       ‖         ‖          ‖         ‖ 

 ‖         ‖  (
      

     
) ‖         ‖ 

 ‖         ‖   ‖         ‖ 

Where   (
      

     
)    since            

In general, ‖       ‖   ‖       ‖    ‖     

    ‖         ‖     ‖ 

     ‖       ‖    ‖     ‖   For all      

Now we will prove that {  } is a Cauchy sequence for this 

‖       ‖  ‖       ‖  ‖         ‖      

 ‖           ‖ 

                          ‖     ‖ 

 

 (
  

   
) ‖     ‖ 

 ‖       ‖     as      since      

Therefore {  } is a Cauchy sequence. 

Since   is a closed subset of Hilbert space. 

Therefore there exist an element     such that 

           . 

Now we will prove that   is a common fixed point of    and .  

Firstly we will prove that   is a fixed point of    

Let       

Consider ‖    ‖  ‖                ‖ 

 ‖       ‖  ‖        ‖ 

 ‖        ‖ 

 ‖         ‖ 

  
‖    ‖  ‖             ‖  ‖       ‖

‖    ‖‖        ‖‖             ‖‖       ‖
 

  
‖        ‖

  ‖        ‖ 

‖        ‖  ‖        ‖
  ‖       ‖ 

                       ‖    ‖    

      

 Hence   is a fixed point of    

 Similarly it can be proved that   is a fixed 

point of    

                       Hence   is a common fixed point of   and    

Uniqueness: It can be proved easily as Theorem 3.1                                                                                                                                            
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