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Abstract

The purpose of this paper is to present some fixed point
theorem in dislocated quasi 2-metric space for expansive type
mappings.
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Introduction and Preliminaries:

It is well known that Banach Contraction mappings principle
is one of the pivotal results of analysis. Generalizations of this
principle have been obtained in several directions .Dass and
Gupta [1] generalized Banach’s Contraction principle in
metric space. Also Rhoades [2] established a partial ordering
for various definitions of contractive mappings. In 2005,
Zeyada Salunke [4] proved some results on fixed point in
dislocated quasimetric spaces. In 2005, Zeyada et al.[3]
established a fixed point theorem in dislocated quasimetric
spaces. In 2008, Aage and Salunke [4] proved some results on
fixed point in dislocated quasimetric spaces. Recently, Isufati
[5], proved fixed point theorem for contractive type condition
with rational expression in dislocated quasimetric spaces. The
following definitions will be needed in the sequel.

Definition 1.1(See [3]). Let X be a nonempty set, and let
d: XxX —>[ ,oo) be a function, called a distance
function. One needs the following conditions:

M1)d(x,x)=0,

M2)d d(y,x)=0,then x=y

d(y,x),

d(x,2)+d(z.y),

M4)" d(x,y)<max{d(x,z),d(z,y)}, for all X, y,z € X
Af d satisfies conditions (M1)-(M4), then it is called a metric
on X . If d satisfies conditions (M1), (M2), and (M4), it is

called a quasimetric on X . If it satisfies conditions (M2)-(M4)
((M2) and (M4)), it is called a dislocated metric (or simply d-

(xy)
M3)d(x,y)
(xy)<

M4)d(x,y

metric) (a dislocated quasimetric (or simply dg-metric)) on X
, respectively. If a metric d satisfies the strong triangle

inequality (M) ', then it iis called an ultrametric.

Definition 1.2 (See [3]). A sequence {Xn} in dg-metric

neN
space (dislocated quasimetric space) (X,d) is called a
Cauchy sequence if , for given & >0, there exists N, € N
such that d(x ,x, )<& or d(x,,X, )<& , that is ,

m?“n n?*'m

min{d(x,,x, ).d(x,,x, )} <& forall m,n>n,.

m?“n n' m

Definition 1.3 (See [3]). A sequence {Xn }nGN in dg-metric

space [d-metric space] is said to be d-converge to X & X
provided that

limd(x,,x)=limd(x,x,)=0 (1.1)

nN—o0 nN—oo

In this case, Xis called a dg-limit [d-limit] of {Xn} and we

write X, — X.

Definition 1.4 (See [3]). A dg-metric space (X,d) is called
complete if every Cauchy sequence in it is a dg-convergent.

Main Results

In this paper, we prove some fixed point theorem for
continuous mapping satisfying expansion condition in
complete dq 2-metric space.This result is motivated by Saluja
et.al [6]

Theorem 2.1: Let (X , d) be a complete dislocated 2-metric

space and T a continuous mappings satisfying the following
condition:

d(Tx,Ty,a)+ a|:
(2.1)

d(x,Ty,a)+d(y,Tx,a):l> d(x,Tx,a)[l+d(y,Ty,a)]
1+d(xTy,a)d(y,Txa) | 1+d(xy,a)

For allx,ye X, X=#Y,where «,f,7>0 are real
constants and S +y >1+2a,y >1+«, @>0. Then T

has a fixed point in X .
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Proof: Choose X, € X be arbitrary, to define the iterative
sequence {Xn }neN as follows and

Tx, =X, ,forn=123...... Then, using (2.1) we obtain

n

d (Xanxmzva)*d (xM,TxM,a) } > d (Xm:-rxmva)[:l'+ d (szvTxmzva)]

d(Tx,,,,TX,,,. @ >
(P02 )+a|:1+d(xm,TxM,a).d(xM,TxM,a) 1+d (Xyu0 X020 8)

+yd (Xn+1' Xns2s a)

+ 70 (Xpugs %121 2)

14d (%,1,%0,1,2) A (X,.2.%,,8) 140 (X1 %,2:2)

=d (X, X,,8)+ad (X5, %, 8) = Bd (X, X, @)+ 7d (X1, X5, )

n? n+l?

oo £ )], 80 )

=d (X, X,p,a)+ad (X, Xy, @)+ ad (X1, %,,2,8) = Bd (X, X,,0,8) + 70 (X1, X,,2,@)
=L+a—£)d (X, %08) 2 (¥ —a)d (X, X0, @)

The last inequality gives

d (XnJrl’XmZ’a)S (1+a_ﬂjd (Xn'xn+1’a)

y—a
< kd(xn’ Xn+l)
(2.2)
Wherek = M < 1. Hence by induction, we obtain
(y—a)

A (Xpu1s X,0,8) <K (X4, %,,)

Note that, for m,n € N such that m > N we have

d (X %,,8) < d (X X3,8) +0 (X X0 @) F e +d (X, %y @)
<LK K™ e +k" ]d (%5,%,,2)
<K (LK +K o, +k™")d (%, %,,a)

=——d (%, %.a
i ) (2.3)

since0 <k <1, thenasn —> o0, k"(1—k)™ — 0. Hence,

d(x,,X,)—0 as m,n — oo This forces that {X, }neN is
a Cauchy sequence in X . But X is a complete dislocated

metric space; hence, {Xn }neN is d-converges. Call the d-limit

X" e X .Then, X, = X" as N — o.By continuity of T

we have,
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TX =Tld -limx, ]=d —limTx, =d ~limx,, =X

n—oo n—o0 nN—oo

(2.4)

Thatis, TX = X ;thus, T has a fixed point in X .

Uniqueness

Let Yy~ be another fixed point of TinX , then
Ty =y andTx =x"

d(x*,Ty’,a)ﬁ-d(y',Tx',a)}> d(x‘,Tx',a)[lﬁ-d(y',Ty’,a)]
1+d(x’,Ty',a).d(y*,Tx”,a) - 1+d(><’,y',a)

(2.5)

d(Tx*,Ty',a)ﬂ{ +7d(xX.y"a)

This implies that

d(x",y',a)+d(y',x",a) }2 d(x"xx’a)[h—d(y*'y"aﬂ+yd(x‘,y*,a)

d(x"y:a)JraLer(x”,y‘,a).d(y”,x*,a) 1+d(x,y",a)

2ad(x",y",a)
1+[d (x*,y*,a)]

=d(x, y*,a)+[d (X, y*,aﬂ3 +2ad (X', y",a) 2 yd (X, y*,a)+y[d (X, y*,a)]3

-2 yd(x,y",a)

:>d(x*,y*,a)+

= (1+2a-y)d (X, y*:a)Z(V_l)[d (X y*,a)T

1

- 1+2a—7 )3 -
d(x,y,a)s(%} d(x",y",a)

(2.6)

This is true only when d(x*,x*,a):O.SimiIarIy
d(y*,x*,a):o Hence d(x*,y*,a):d(y*,x*,a):o

andso X = y* .Hence, T has a unique fixed point in X
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